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SYNOPSIS 


The present thesis, whidi consists of five chapters is a study 
of the following classes of ftmcticais ; Let la and M be arbitrary real 
numbers and E « {(in,M) : m > 1 , U-ll < M £ia>. and K(ra,M) 

are the classes of functions fCz) = z + J a z” analytic in the disc 


D = {z : I z] < 1> and satisfying there the conditions I - ml < M 

fCz) 

and jl + - - mj < M respectively, where (m,M) e E, Further r(iii,M) 

f'(z) 

. *" 

and ^(in,M) are the classes of functions g(z) = i + J b z’^ analytic 

* n=0 ^ 

in the disc D punctured at the origin and satisfying the conditions 


+ mj < M and j 1 + + m| < M respectively, in D where 

gCz) g*(z) 

(m,M) e E, Further V^(k,p) is the class of functions h(z) = 

cx> 

z + 2 ^p+1 analytic in D and satisfying there the condition 

n«l ^ 

<2 

/ |Re {e^° [1 + d9 < kTT cos a, where z = re^®, 0 < r < 1, a 

0 h’ (z) ” 

is real with | a| < Tr/2 and k ^ 2, f» pos . 


Chapter one, which is an introduction, describes definitions 
of various subclasses of analytic univalent, meromorphic univalent 
functions and functions with bounded boundary rotation. This chapter 
also describes the problems idiich have been investigated in the 
remaining four chapters. 
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Qiapter two extends some results of S.D, Bernard! [Trans, 

Amer, Math. Soc, 135 (1969) 429>o446] and S.K. Bajpai [Abstract 74T-B99, 

Notices Aoer, Math, Soc, ^ (1974) A-S76], In fact Bemardi has proved 

that if £(z) is analytic starlike with respect to origin (or convex) 

2 

in D then F(z) = f t*^”^ f(t) dt is likewise starlike with respect 

0 

to origin (or convex) in D, where c is a positive integer and Bajpai 
has proved that if g(z) is meromorphic starlike (or meromorphic conveic) 

z 

in D then G(z) = / t*^ f (t) dt is likewise meromorphic starlike 

z^+l o 

(or meromorphic convex) in D vdiere c « 1, Results analogous to those 

1-a 

of Bemardi fbr the classes S(m,M) and K(m,M) idien c > - and to 

1~0 

those of Bajpai for the classes rCm,M) and ][(m,M), when c > >2— , have bee 

M? 2 , 

obtained. In both cases a = — and b = 2^ , it is also proved 

M ” 

that F(z) is analytic starlike with respect to origin when f(z) belongs 
to a class ccntaining the class of starlike functions. Similar result 
for meromorphic starlike functions have also been derived. 


In chapter three, using the method of T.H, MacGregor [J. 
London Math, Soc, (2) 9^ (1975) 550-536], it is proved that if f(z) 
belcmgs to K(m,M) and b ^ a then subordinate to the Action 

- ^ f , f 2”) 

G(z) = az(l-bz) b particular gives the bounds for 

Cl-bz)“®^-l ^ 

and the minimum values of »* and M' such that f(z) belongs to S(m*,M*). 


In cdiapter fouf , converses and weak converses of some theorons 
proved in diapter two have been derived. 
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Chapter five Is devoted to the study of the class Vjj(k,p), 
Some representation theorems, distortion theorems, coefficient estimates 
and values of o for which ftmctions of this class are univalent have 
been obtained. Distortion theorems yield radii of uni valence, close- 
to-convexity and convexity as corollaries. 



CHAPTER 1 


IMTROPUCTIOF 


1.1 A function f(z) is said to te univalent (Schlicht, simple 

or iDiuniforni) in a domain D, if for any two points and z^, z^ f 
we have t{z^) ^ f:{z^) . If f(z) is univalent in D then so is the 
function g(z) = ^ » since f'(0) / 0. Hence normalization 

f(0) = 0, f'(o) = 1 of the univalent function is not an essential 
restriction. We shall denote by S the class of all functions f(z) 
which are analytic and univalent in the open unit disc * D = {zsjz| <1} 
with the normalization f(o) = 0, f'(0) = 1. The Taylor expansion of 
such a function about ihe origin has the form 

oo 

(l.l) f(z) = z + I a z”’. 

n=2 

The origin of the theory of univalent functions can be traced 
to a paper by P, Koebe in 190? on the uniformization of algebraic curves 
[26] . In this paper Koebe proved that there is a constant K (called 
Koebe constant) such that the boundary of the map of D by any function 

OTT 

w = f(z) of the class S is always at a distance not less than K^^ Koebe’ s 
result soon attracted Ihe attension of a number of eminent mathematicians 
fPlemelz {50]., GrTOnwall[l5 Piokf 48], Faber tl3]> Bieberbach [ 7 33 • 


*From here onwards we shall denote the unit disc jz j < 1 by D. 
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G-ronwall £17] first gave the so called "area— principle” which asserts 
that if the function 

(1 *2) g(z) = "I + I 

n=1 

is univalent in D and regular there except at z = 0, where it has a 
simple pole, then 

(1*5) I 11* 

n?=1 

In 1916, Bieherhach [7] again proved the area principle and 

-1 

used it to obtain the precise value of K, namely K = ^ . This result 
can also be obtained from the results of Gronwall [17 ]• Bieberbach 
also proved that ja2j ^2 for f(z) e S, Since equality in this 
result is attained for the Koebe function 

(1.4.) f(z) = z(l + ez)“^ , jel = 1 

and ^ for this function it was conjectured by 

Bieberbadi that for f ( z) e S , 

(1.5) {a^l <.n. 

In fact BiebeaSaach [7 ] > Lowner [54] > Garabedian and 
Schiffer (I4], Pederson and Schiffer [47] and Pederson [46] have 
proved this conjecture for n = 2,5»4>5 and 6 respectively. Recently 
Ozawa and Kubota [ 45 ] have proved that 

(1.6) Re {a.} < 8 

O 
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if 1 .9 ^ Re { 3 - 2 } j< 2 and I < ^ • Equality in 

Re{a2} “ 20 

(1.6) is attained for the Koebe function (I.4). 

Various subclasses of univalent functions have been studied 
by different workers in this field. We give here the definitions of 
some important subclasses. 

Definition A.1 . A function f(z) is said to be convex in a domain D 
if, whenever , w^ e f(D) (image of D under f(z)) then the straight 
line joining w^ and W2 is a subset of f(D) i.e. w^+ tCwg- w^ ) e f(D), 
0 it i1. If, in addition f(z) e S then f(z) is said to be a 
normalized convex univaloat function. We shall denote by K, the class 
of all functions of S which are convex in D. 

A necessary and sufficient condition for a function f(z) e S 
to be convex has been given by Robertson [54 3 • 

Theorem A. 2 . A function f(z) e S is convex in |zl ir < 1, if and 
only if 

(1.7) Re{1+^|J^}>0 for |zl<r<1. 

Robertson [543 also defined tide older o of a convex 
function f(z) e S. 

Definition A .3 . A function f(z) e K is said to be of order a , 

0 ^ a < 1 if 

(1 , 1 ^) Re {1 + ^ ^ a . 

and for every real e > 0, however small, there isaz = z^, Jz^j < 1, 
for which 
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f"(Zo) 

(1*9) Re {1 + F(T7^ a + e . 

We shall denote this class hy K( a) . 

Definition B.1 . A function f(z) is said to he starlike with respect 
to Wq e f(D) in a domain D if, whenever w e f(D) then the line 
joining Wq and w is a subset of f(D) i.e. + t(w - Wq) e f(D), 

0 ^t If, in addition f(z) e S and w^ = 0 then f(z) is said 

to be a normalized starlike (with respect to oingin) univalent 
function. We shall denote by S* the class of all functions of S 
which are starlike with respect to origin. 

A necessary and sufficient condition for f(z) e S to be 
a member of S* is also due to Robertson (54] • 

Theorem B .2 . A function f(z) e S is starlike \7ith respect to 
origin in | z | ^ r < 1 , if and only if , 

(l ,10) Re ^ ^ I * 

As in the case of convex f-unctions, the order a of starlike 
functions has also been defined by Robertson [54] • 

Definition B. . A function f e S* is said to be starlike of order 
a, if 

Re o for ! zj < 1 , 0 _< a < 1 

and if for every real e > 0 , however small, there is a Zq» |zqI 


for which 
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Re 





< Ct + E 


We shall denote this class "by S*(a ) . 

It is clean from the above definitions that K(a)<:I.S*(a) 
for every a , 0 ^ a<l . We give here some important results of these 
two classes. 

Theorem B.4 .f40l A function f e K(a), if and only if, z f»(z) e S*(a). 
Theorem B.5 .[371 . f6l3 If f e K, then f e S*(i) . 

Theorem B.6 . f19l[40l If f e S* then | a J £n and if f e K then 

Kl i 1 < la- 

Yet other useful subclasses of S*(a) and K(a) are due to 
Z.J. JaJcubowski {20], 

Definition C. f e S(m,M), if and only if, 


- ml < M for z e D and (m, M) e E 


where 


E = {(m, M) s m > -g-, |m-1 } < M 


Definition D. f e K(m, M) if and only if 


|1 + ^ - nj < M for z e D and (m, M) e E 


wheire 


E = {(m, M) j m > ^ , j m-1 j < M ^ m } 
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A class 'vri.der than the class of starlike functions is 
the class of spiral like functions introduced hjr L. Spacek [60]. 
Definition E .1 . A function f e s is spiral like in D if 

Re ZED 

for sone 5 such that j 5 1 = 1 . 

Definition E ,2 . A function f e S is called a -spiral function if 

„ r ia z f'(z), 

Re { e f["z) ^ ^ ^ i z E D . 

We shall denote this class hy S(a). Clearly S(0) = S*. 

The order 6 of univalent a-spiral functions has been introduced by 
Libera [ 32 ] . 

Definition E ,3 ♦ A function f e S(a) is said to be of order g in D, 
if 

Re >8 » 0 <,B <1, z e D. 

Another class, wider than the class of starlike functions is 
the class of close-to-convex univalent functions introduced W. Kaplan 
[243 in 1951 . 

Definition F.1 . Let f(z) be analytic in D, then f(z) is olose-to- 
convex for jz| <1 if there exists a function <|>(z) e K, such that 

Re ■}>0 for z e D. 

♦’(z 


We denote this class of functions by C 
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Kaplan (24] further characterized close -to-convex functions, without 
reference to convex function (j) in the following way. 

Definition F^ . Let f(z) be analytic and f»(z) / 0 inD. Then 
f(z) is close -to -convex if and only, if 

/ Re {1 + de > - it 

i0 

where a| < 02 » z = e and r < 1 . 

The order 0 and type A for f(z) e C has been introduced 
by Libera [29] • 

Definition ; Let f(z) be analytic in D with f(0) = 0, f'(o) = 1 

and 6 , X lie in the interval £o, 1 ). Then f(z) is said to be 
close -to -convex of order X and type B , if and only if, there is some 
P(z) c S*( 6 ) and 

Re IX, z e D. 

We denote this class of functions C(X , b) . The following 
results are well known. 

Theorem F 4 . [24] If f(z) e C, then f e S. Purthemore S* CL 0* 

00 

Theorem P.5 . [55J f e C and f(z) = z + J a z’^, then 

n=2 

la^l < n . 

Definition Gr.1 . Let h(z) be analytic in D. We say that h(z) e P(ci) 
if h( 0 ) = 1 and 


z e D f 


Re {h(z) } > a 


9 
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Thearen G,2 (4O] If h(z) = 1 + J \ e P(o)» 

n=1 

Definition H.1 . Suppose f(z) is analytic in D and g(z) is 
univalent in D. Suppose farther that f(0) = g(o) . We say that f 
is subordinate to g if f(D)<^ g(D) and we write it as f << g. 
Theorem H»2 . {40] Suppose f(z) is analytic in D and g(z) is 
univalent in D and f(o) = g(o). Then f «g if and only if 
there exists a function (|)(z) analytic in D, U(z) | <_ |z| , 

such that f(z) = g(4>(z)). 

Theorem H.5 . [57l If 1(2) e S*, then ^ 2 . 

Some analogous extensions ([25], [293, [353 ) of the 
classes K(a), S*( a) and C(o, S) etc, are carried over to the 
meromorphio univalent functions i.e, univalent functions which are 
analytic in the disc D except at the point z = 0 where the functions 
have simple pole, 

00 

Definition 1.1 . Let f = + I ^ regular in D^ ={z ; 0 <{z| <1 } 

n=0 

is called meronorphic convex univalent function if compliment of f(D) 
is convex, ¥e shall denote this class hy . Aiaalytically, f e ^ 
if and only if 

- Re {1 + ^ >0, z e D. 

The class Z (a) of meromorphio convex univalent functions 
of order a is defined as following. 
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Definition 1 ,2 . Let f e ^ . Then f is meromorphic convex univalent 

of order a if and only if 


- Re 


{1 + 


z f"(z^ 


} > 


z e D 


and if for every real e > 0, however small, there is a z^ e D 
such that 

- Re { 1 + } < a + e , 

^ ^ n 

Definition J.1 . A function ^( 2 )=“ + ^ analytic in 

n=0 

0 < jzj is called meromorphic star like with respect to origin if 
compliment of f(D) is starlike with respect to origin. We shall 
denote this class hy T*. Analytically f e T* if and only if 


. Re {" .0, 2 e S. 


The class r*(a) of meromorphic etarlike (with respect to 
origin) function of order a is defined as followrig s 
Definition J.2 % A function f e r* is said to he of order a , 
if and only if 


. Re > c. 

f(z) 


zeD, 0<a<1 


if for every e > 0, however small, there is a z^ e D such that 


- Re 


/o 

* 


< a + e. 
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^eoremJ,_. f e l{a) if and only if -z f'(z) e r*(ct). 

09 

Theocem J ,4 .fl23 If f e T* and f(z) = -+ I a z^ then 

^ n=0 ^ 

1^1 iST • 

Definition K . Denote by B(X,e), 0 ^ B , B <1, the family of functions 
1 " n 

f(z) = - + I z which axe regular in 0 < jzj < 1 and together 
n=0 

with some F e r*(B) such that 

-Re ^ z e D, 

It may be noted [29] that f e b(A,S) is not necessarily 

univalent . 

Another subclass of analytic functions is the class of 
functions of bounded boundary rotation. This class of functions is not 
a subclass of S but it is closely related to the class of functions 
regular and univalent in D . This class is denoted by Vfe . This class 
was introduced by Lowner [ 35 ] • 

Definition D .1 If f(D) isa simple domain with a continuously 
differentiable boundary curve, the boundary rotation associated with 
f(z) is defined to be the total variation of the direction angle made 
■fay the boundary tangent to f(D) and the positive real axis as z m a k es 
a complete oiircuit of D . If the boundary of f(D) is not so smooth 
let B be an arbitrary subdomain of f(D) and L be a continuously 
differentiable closed curve in f(D) containing B in its interior. 
Consider the greatest lower bound of the boundary rotation of all such 
curves L as B e3diausts f(D), this limit is defined as the boundary 
rotation associated with f. 
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Definitioia. L .2 . Vk is the class of fanctions f(z) = z + ^ a 

tt=2 ^ 

that are locally univalent in D and boundary rotation of f(D) is 
atmost ktr , k ^2 . 

GO 

Defiidtign L. 3 . f(z) = z + I a e \ if f’(z) / 0 for z e D 

n=2 

and 


2ir ie iev 

/ |Ke {1 + ^ ae < 

o f(re^®) 


ie 

e = re ,0_<r<1,k ^2 . 


Definition L.i . f(z) = z + I a. z e Vp. if f’ (z) / 0 in D and 

n^2 


/ I He {e^“[1 + ^ ■ |lX^}3 }|de <_ k-ir cos a 

o ^ ^ 

i 0 

z = re , a real ^ , j «1 ^>.2, 0_<r<1. 

This class is introduced and studied by E.J. Mouli s [58] . 

09 

Theorem 1 , [10], If f e "v: and f ( z) - z ■¥ \ a z^" then 

■ n=2 ^ 

\aj f. where is the coefficient of in 

- f 

Theorem L ,6 . [44] f e \ t 2;;^k£4 then f is -univalent. 

In particular Yg = k . 

U2, Outlines of the thesis s 

Usually the following type of problems are s-tudied for univalent 


functions. 
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(1) Distortion theorems, i.e., determination of lower and upper 

houndsof |f(z)l , |f*(z)l and I ^ i etc. 

( 2 ) Coefficient estimates, when f belongs to various subclasses 
of univalent functions. 

( 3 ) Bounds for arg {f(z)/z} and aj^ {f»(z)} . 

( 4 ) Radii of starlikeness and convexity of f(z), and 

( 5 ) Certain transformations which are either class preserving or give 
some relation between two classes. 

In the class of bounded boundary rotation, usually following 
types of problems are studied. 

(a) Representation theorems. 

(b) Distortion theorems. 

(c) Coefficient estimates and 

(d) Asymptotic coefficient estimates. 

In the present work we have been mainly interested in problems 
of the type ( 4 ) and ( 5 ) fo3r certain subclasses of S and meromorphic 
functions. We have also investigated problems of type (a), (b) and (o) 
for a subclass of 7 -^. 

S.D. Bernardi [6] has proved that if c= 1,2,5*. •..* then 

p(z) = / t^"^ f(t) dt s S*(o) (or K(a) or C(o, B ) ) for 

a o 

a=s0= 0 whenever f e S*(a) (or K(ct) or C(a, 0)). S.K. Bajpai £2] 
has observed that this result is true if o > -1 and Bajpai and 
Srivastava [ 5 ] has observed that result is true for 0 3 < 1. 
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S,K. Bajpai [2] has also proved that if g e r*(a) (ox I (a) ) 

thm G(z) = — ■! ' / t ^(t) dt e r*(a) (or 1(a) ) if In 

z o “ “ 

chapter two j we have proved sinilac results for some more subclasses 
of analytic, univalent and meromorphic univalent functions. We have 
also proved that P e S*(a) and G e r'*'(a) even in the cases when 
f 4 S*(a) and g 4 1’*(“) • 

In Chapter three, we have proved that if f e K(m, M) then 
_(a+h)/h 

2 f’(z) az 1- hz)” .... . . m-1 

(l-hz)-^^-1 ^ ^*“1" 

2 

a, _ — — , Thus we get t£e hounds of l and minimum of 

and ILj so that f e K(m, M) implies f e S(m^, M^). This in 
particular contains the conjecture of Jack [22] . 

In Chapter four, we have obtained converse and we^ converse 
of some results proved in chapter two. 

k 

In last chapter, we have studied a subclass of the class 7^ . 
Our subclass consists of those functions of which are p-fold 
symmetric i.e,, the functions having the expansion of the form 

00 

f(z) = z + J ®'n»+i >P=1»2,5,... 

Por this class we have determined representation theorems, distortion 
theorems coefficient estimates and value of a for which f(z) becctnes 
univalent. The distca^tion theorems give radii of uni valence, close-to- 
convexity and convexity of functions of liiis class. 



CHiPTER 2 


SOME CLASSES OP UKVAIENT FOTCriOlTS 

2 .1 . Let m and M "be arbitrary fixed real nmnbers which satisfy 

the relation (m, M) e E where 

(2.1) E = {(m, M), m > -I, |m - 1| < M _< m} 

Let ns denote by S(m, M) and K(m, M) the class of functions 
of the form 

OP 

(2.2) f(z) = z + y ^n 

n=2 

regular in the unit disc D and sati sfy^.there the conditions 

(2.5) ^ 

and 

(2.4) I 1 + “ffl} -m| < M 

respectively, for (m, II) e E . 

Further let us denote by r(ni, M) and I {a* M) the class 
of functions of the form 

OP 

g(2) - ^ + I \ 


(2.5) 
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regular in the disc and having a simple pole at origin and satisfying 
the conditions 


( 2 . 6 ) 

and 


z 


g*(z) 

g(z} 


+ m 


< M 


(2.7) 


z_ g" z) , ^ 

I + - + HI 

g’Czj 


< M 


respectively, for (m, M) e E . 
If we take 


( 2 . 8 ) 

and 

(2.9) 


a = 


h = 




m + m 


M 


m - 1 


M 


then the conditions (2.5), (2.4), (2.6) and (2.7) are equivalent to 


(2.10) 

(2.11) 

(2.12) 

and 

(2.15) 


z f»(z' 
f{z 


_ 1 + a w-^(z) 


1 + 


z f"(z 


f'( z 


1 + 


^g[{z 

g(z. 


g"(z) _ _ 


1 • 

> h w^(z) 

1 

+ a W2(z) 

f 

- b Wg ^ 

1 

+ a wj(z) 

T 

- b Wj(z) 

1 

+ a w^(z) 


g'(z) 


1 - h w^( z) 


respectively, for some w.(z), 3 = 1,2, 3,4, regular and satisfying the 

O 

conditions w.(0) « 0, lw:,(z)j < 1 in D . In particular, if we choose 

3 d 
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« « 21Ta + W , N-l 

a= ^ -b « _ and make N “ then ( 2 . 10 ), ( 2 . 11 ), 

(2.12) and (2.15) respectively imply that 

(2.14) 

(2.15) Se {l + ^,'[^^} > a 

I' V z 

( 2 . 16 ) Re < -a 

and 

(2.17) Re {1 + } < -a 

^ g'(z 

Bat (2.14) implies that f £ S*(®), (2.15) implies that 

f e K(ct), (2.16) implies that g ,e I**'(a) a^nd (2.17) implies that 
g e ^(a). 

In 1964? M.S. Rohertson [553 obtained a class preserving 

property. Ranctions £ S*(o) and e K( 0 ) and are 

(l-z)^ 

extremal in their respective classes ftor many purposes. Robertson 
proved that 

o ( 1 -t) 

and 

I / ‘ 
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and proposed the problem that if f(z) e S*(o) (or K(0)) then whether 

F(z) = - / f(t) dt belongs to S*(o) (or K(o)) or not. In 1965 

0 

R.J. libera 00] proved this fact. Then subsequently in 1969, S. D. 
Bemardi [6 ] extend©! this result and proved the following. 

Theorem A f Bemardi 1 If f(z) e S*(a) (or K(a)) then 
z 

/ t°“ f(t) dt e S*(a) (or K(a)) for c= 1,2,3,.... a-nd 
z° o 

a = 0. 

Then in 1972, S.K, Bajpai and R.S.L. Srivastava [3] observed 
that the result is true for a(0 £ot£l) and Bajpai 12] observed that 
result is true for c > -1 . 

Similar results for meromorphic starlike and meromorphic convex 
functions are due to SJC. Bajpai[ 2] . We state the result as a theorem. 

Theorem B fBajpai] If g(s) c r*( a) (or I (a) ) then 
z 

g(t) dt e r«-(a) (or I (a)) for 0 < a <1 and c >1. 

0+ 1 ^ 

Z 0 

In this chapter we shall extend above results for the classes 
S(m, M), K(m, M), r(m, M) and l{m, l) . We also prove that functions 
defined in theoirem A (and B) belongs to S*(ct) (and ) even if 

f(z) ^ S*(a) (g(z) 5? r*(a)). 

2.2. To prove our theorems we need the follov/ing lemma due to 
I.S. Jack [22] . 

Lemma 2.2,1 . Suppose that w(z) is analytic for | zj £ r <1, w(o) » 0 
and |w(z^)| = max |■'^■(z)j then z^w’(z^) « k vir(z^) vfhere k £1. 
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2.5. In this section we shall prove the following 
Theorem 2 .5.1 . If f e S(m5 M) and P(z) is defined 

(2.ifi) p(z) = f(t) at, o >- 

2 0 




1-a 

1+h 


then P e S(m, M) . 

I^oof s Let us choose a function w(z) regular in D such that 
w(o) = 0 and 


( 2 . 19 ) 


^ (z) _ 1 + a wCz) 

P(z) 1 - h w(2} 


Prom (2.18) we get 


[z° P(z)]* = (c + l) z°”^ f(z) 


or 

( 2 . 20 ) 



Z P'(z) 

itty 


Prom (2.19) and (2.20) we have 


( 2 . 21 ) 


(c+ 1) 


f(z) _ ^+c)+(a - ho) w(z'' 
P( z) ~ '1 - h w(T; 


Differentiating (2.2l) logarith nh-cally Ydth respect to z and using 
(2.10) we get 


(2 22) ^ - m = Il-S) t ^ . ,U + L) ^;(? - 

f(z) 1 -hwi,z; ^-h w©JOEEB+(a-'bo)w(z) ] 

Now hy lemma 2.2.1 for jzj £ r there is a point z^ such that 

(2.25) Zq w'(zq) = k w(zq) , k ^1. 
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From ( 2 . 22 ) ard (2.25) we have 

(2.2a) (1 - m) + (a + bm) w(z„) 

AZq) 1 - b w(z^) 

(a + b) k w(Zq) 

{1- b w(Zq)}{(i+c) + (a- be) w(z^) } 

N(^o) 

where 

(2.25) ^(^Iq) = (1- m)(l + c) + [ (l+c) (a+bm) + (a-bc)(l-m) + k(a+b)]w(z^) 

+ (a-bc)(aH-biii) w (z^). 

and 

(2.26) ^(Zq) = (l+c) + (a- 2bc - b) w{z^) - b(a - bo) w^(z^) . 

If we take 

h= (l-m) (1+0) , d = (l-m) (a-bc) + (n-c)(a+bm) + k(a+b), 
e = (a-bc)(ai-bm) , j = (a-bc) - b(l+c) and 1 = b(a-bc) 

then 

(2.27) N(zq) = h + d w(Zq) + e w^(z^) 
and 

(2.2R) D(z^) = (l+c) + d w(Zq) - 1 w^(z^). 

How suppose that it were possible to have M(r,w) = max. |w(z)j =1 

|z|=r 

for some r < 1 . At the point z^ where this occured we would have 
|w(z) I = 1 (but cleaxly |w(z)| ^ 1 ),Then 
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(2.29) 1 =(h+d+e) + 2(e+h) d Eg {■vir( ) 3 h- eh He{vir^(z^)} 

and 

( 2 . 50 ) |d(Zq)| = (l+c) + + 2(l+c - l)j RG{!ir(z^)} 

- l(l+c) Re{w^(z^)3b 

Ncjw 

( 2 . 51 ) |n(2o)1^ - M^1d(Zq) 1^ = A + 2B Re{w(z^) )+ CRe{w^(z^)} 
where 

A = (h^4. d^+ e^) - }^i{^+of+ f+ 1^} 

= [( 1 -m)^ ( 1+c)^+( 1 -m)^(a-'bc)^+( 1+c)^( a+hm)^+k^(a+h)^ 

+ 2(1 “m)(a-ho)(l+c)(a+bm) + 2(l+c)(a+hm) k(a+b) 

+ 2(l-ni)(a-bo)k(a+b)+ (a-bc)^(a+bm)^] - [(l+c)^ 

+ (a-bc)^ + b^(l4c)^- 2b(a-bc)(l+c) + b^(a-bc)^]M^ 

= [l^(l+o)S^ + l!^b^(a-bc)^ + (l+o)^vI^ + k^(a+b)^ 
-2]y?b(a-bc)(l+c) + 21&(l+c) (a+b) - 2Mb(a-bc)k(a+b) 

+ (a-bc)^Ii(I^3 - I(l+c)^ M^+ (a-bc)^ M^+ mS^(1+c)^ 

- 21^b(a-bc)(l+c) + l^b^(a-bc)^] 

= k(a+b) [k(a4b) + 2M(l+c) - 2Mb(a-bc)] 

B = (e + h)d - (1 + 0 - 1 ) 

= [ (a-bc)(a+bm) + (l-iii)(l+o)3 [(l-m)(a-bc) + (l+o)(a+bm) 
+ k(a+b)] - M^[(a-bc) - b(l+c)] x[(l+c) - b(a-bo)3 
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M{(a-bc) - b(l+c) }{ -tfb(a-lDc) + M(l+c) + k(a+TD) } 

(a-bc) - b(l+c) }{(l+c) - b(a-bc)} 

= {(a-bc)- b(l+c)} {- M^b(a-bc) + M^(l+c) + Mk(aH-b) 

- ?.![^(l+c) + 11^ b(a-bc)} 

= Mk(a+b) {(a-bc) -b(l+c)} 

and 

C = eh + 1^1 (l+c) 

= (l-ni) (l+c) (a-bc)(a+bm) + M^b(a-bc) (l+c) 

= -Il?b( 1+c)(a-bc) + b( a-bc) ( 1+0 ) 

= 0. 

Since C » 0 fhom (2.51) it is clear that 

(2.52) i ^ -M^[D(zQ)j^ ^0 provided A + 2 B i 0 . 

Now 

A + 2B = k(a+b) [k(a+b) + 2M(i+c) - 2 Mb(a-bc) + 2M(a-bc) - 2 Mb(l+c) ] 

= k(a+b) [ k(a+b) + 2M{(l+c) - b(a-bo) + (a-bc) - b(l+c) }] 

= k(a+b) [ k(a+b) + 2 M(l-b) {(l+a) + c(l-b) }] 

t 0 ■ 

A - 2B = k(a+b) I k(a+b) + 2M(i+c) - 2Mb(a-bc) - 2M(a-bo) + 2Mb(l+c)3 

= k(a+b)[ k(a+b) + 2M{ (l+c) - b(a-bc) _ (a-bc) + b(l+c)j] 

= k(a+b)C k(ei+b)+2M(l+b) {(l-a) + c(l+b)}] 

> 0 . 
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TMs we have proved (2.32) which along with (2.24) gives 



f(^o) 


But this is a contradiction to the fact f s S(m, M) . So we can not 
have M(r,w) = 1 , Since this is true for every r < 1 and since 

M(0, w) = 0 it is clear that we must have M(r, w) < 1 and hence 

lw(z)I < 1 for \z\ <1. Therefore, ? e S(m, M) follows from (2.19). 

Corollary 2.3.1 . K f e K(m,M) and P is defined by (2.18) then 
B e K(m, M) . provided c ^ 

Proof ! "fe can vrrxte (2.18) in the form 

z P'(z) = — ~ / t°“’' . t f’(t) dt. 

z° o 

Since f e K(m, M) it is easy to see that z f'(z) e S(m, M) , [Therefore 

by theorem 2.3.1 . we get z P'(z) e S(m, M) which implies that 

P(z) e K(m, M) . 

Remark 1 . In theorem 2.3.1 if we put 

(i) m = M and m -»• « then results of Bemardi [6] follow . 

(ii) m = and M = - and U ■♦ “ then results of 

Bajpai [2 3 follow, 

(iii) m = M, c = 1 and m-»- then results of Libera[ 30 ] follow. 
Theorem 2,3.2 . If f £ S'’<-(a) and g e S(m, M) and P(z) is defined by 

2^^ / t®"'’ f(t) g(t) dt, 

o 


(2.35) F(z) = 


c > 0 
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then E 

e S*(a) if 

(m,M) e 

{(m,M):m > - 

Proof : 

It can be 


jm-l 

only if 

m > 

so it is 

sufficient 


M < 

Prom ( 2 . 33 ) we 

or 

Z®-"'' E«(: 

( 2 . 34 ) 

zE' z) 
E0 ' 


4c±3+5ot 




1-a 


P’(z) + ( 0 + 1 ) 2 ^ ^( 2 ) = (c+ 2 ) 2 °""^ f(z) g(z) 


.( 0 . 1 )=. ( 0 . 2 ) 


Let us choose wCz) regular in D and satisf;s,’'ing there the condition 

( 2 , 35 ) 

It is clear from (2.35) that w(o) = 0. Erom (2.34) and (2.35) we have 


2|l'(_z) _ 1 + (2 a -1 w(z) 

E(z 1+w z) 


(=•36) 

. . c+2a / \ 

= (-^) • 1 w.) 

Differentiating (2.36) logarithmically with respect to z and using 
( 2 . 35 ) we get 


f‘(z) ^ zgKz . 1'f(2a-1 w(_z) , c+2a z w*(z) 

^ iUT ' ^ ■ ‘g(s 1« .) 0+2 . o+go 




1 -4- w fil 
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( 2 . 57 ) 


2( 1 - g) 




0+2 ■ (1+ M.Z)) , ^ OjLia 

^ 0+2 ^ 


Now iDy Jacks lemma 2.5 «1 for \z\ < : 

(2,3^) 

ZoW'(zq) = k w(zq) , k 

we have 

Zof’(Zo) 


f(3^ 


or 

(2.39) 

2 ( 1 -a) 

0 + 2* 

Rg { }<(l-ni) + 

tM 


' f ( zo ) 


k T ( Zq ) 


(1+ w(z^)) (1 + - ■■ ~| ---- w(z^)) 


g ’ ( Zq ) 


- m 


g ( 2 j 


{1 +(2(J,- 1) w(Zq)}{ 1 + w(z^)} 
+ 5.6 { ' ' ' "" ' o ^ 


h + w ( z ^^) l ' 


2 ( 1 ,^) k Tsr(zo)(l+ ^^))(1+ wCzq)) 


c+2 * ^®{ ”77“ / m2 . 0+20 ; N .2 ^ 


i + w ( Zo )| h + 


< ( M - m + 1 ) + 


1 + 2a Re w(z ) + (2a- l) |v(Zq)J 


1 + 2 Re w(Zq) + lw(z^^)l‘ 


■ °+2 ( 1 + sue 
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Now suppose that it were possible to have M(r, w) = max {!t(z)| » 1 

izl= r 

for some r *e 1 , At the point w(z) where this occured we would have 
jw(z) I = 1 then from (2.39) we have 




} < a + (M- m + 1 ) - 


2(l-a)(o + 1 + a) k 
(0+2)^ + 2(o+2)(c+2 a)Re w( z^ )+( c+2 


£ a + (M - m + 1 ) - 


2(l-ci)(c + 1 +a) 

(0+2)^+ 2(o+2)(c+2a)Ee w(z^)+(o+2a)^ 


(M-m + 1) f(cH*2) + 2(o+2)(o+2a) Ro w(zQ)+(c+2a) ^ 

- 2(l--a)(o+l4-a) 

(0+2)^ + 2(crt-2)(o+ 2ce) Re w(z )+ (o + 2a)^ 


< a + X2C0 “ m + 1) - (l-a)l 

(0+2)^ + 2(o4-2)(c+2o)Re w(z^) + (o+2a)^ 


provided 


2_(m-l) (c + 1 + “) + (1 
' '"2 0 + 1 + a) 


Hit this is contradiction to the fact that f e S*(a) . So we can not 
have M(r, w) 1 . Since M(0, w) = 0 and M(r, w) ^ 1 for every r < 1 

so lw(z)| < 1 and therefore from (2.35) we have Pe S*(a). 


Remark 2. Let us take G-(z) = 


zj RU 


then (2,35) reduces to 


P(z) = G(t) dt. 


c+1 ' 

Z 0 
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Bermirdi C 6 3 proved that P(z) e S*(o) if G(z) e S«-(o) . If we take 
f(z) and g(z) such that 

2 jlCz). « 1 - z 

fU) 1 + z 


and 


z g'(z) _ A z 

gCz) “ 2(c+l) 


then f e S*(0) and g(z) e S(l, 


z G* ( z) _ 2(c + 1 ) ,- (2c +3.)z - 

g( z) "" 2 o+i)(l+z) 


/ 2 

If we take z real and "between "** -j then 

it is easily seen that Re{ ^ ^g[ l] ' ^ ^ ^ hence Gi-(z) ^ S*(o). 

But hy theorem 2.3.2 wo have P(z) ^ S*(a). 

Theorem 2 .3.3 . Let f s r(m, M) and P(z) “be defined "by 


(2 40) 


then 


Kz) = 


0+1 
Z 0 


7 t° f(t) dt 


P e r(m, M) if 0 > max. ,1} 


Proof % Pcom (2 .40) we have 


P’(z) + (c + 1) z° ^(z) = c z° f(z) 
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or 


( 2 . 41 ) 


2 P* ( Z 


+ C + 1 


= C 



' 5U 


Let us choose a regular function ■w(z) such that 


(2.42) 


2 P' ( z) _ 


- a ■5r( z) 

1 - h t(z 


It is clear £com (2.42) bhat w(o) = 0. By (2.41) and (2.42) 
we have 




Differentiating (2.43) logarithmically with respect to z and using 
(2,42) we get 


^ ( z) _ _ 1 + aw( 2 

f( z) ~ 1 - hw( z 


a + h + he 


w*(z) 


3rt-]>t-bC / \ 

1 wCz) 


bz wUz 


1- “bw(z 


or 


(2.44) 


zf ' ( z 1+a w( z 

— ■ + m as m — . T. ) 

f C z 1 -h w( z 


a+h 

c 


2 W* ( z) 


(l-h w(z))(l- 


a+lH-hc 


w(z)) 


o(m-l) - {(m-1 )(a+hfhc)+ c(a^hm)} w(z)+(a+hm)(a+hi-hc)w^(z) 

- (a+h) z w*(z) 

{1 - h w(z) } {1 - - w(z)} 

0 
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How by Jackfe lemma 2.5.1 for j z | < r there is a point z^ such that 
Zq w'(zo) = k w(zio), k ^1 . Using this in (2.44) we have 


(2.45) 


f(-o) 


+ 


m = 


c(n-1 )- { (m-l )(a+’bMDc)+ c(a4-T3m) + k(a4*TD)}w(z ) 

. o ^ 

+(a + bm)(a+l:H“bc) 

(1 - bw(z^) (c - (a+bfbc) w(z^)). 


5^ 


where 

H(Zq) = o(q- 1) -■ { (m-1 )(a+bfbo) + c(a+bn) + k(a+b)} w(z^) 

+ (a+bm) (a+btbc) w^(z^) 

and 

D(zq) = c - (a + b+ 2bc) w(Zq) + b (a + bi- be) w (z^). 

Now suppose it were possible to have M(r, ?<) = jnax j w(z)| = 1 
for some r . At the point w(z) where this occured we would have 
j w( z) I = 1 . Then we have 


( 2 . 46 ) I N(zq)| ^ = l^b^c^ + {Mb(a+bi-bc) + Ic + k(a+b) + M^(afb(-bc)^ 

- 2 [Mbc {Mb(a+bi-bc) + Me + k(a+b))+ M(a+bi-bc) 
{Ib(arfbfbc) + Mo + Ka-+b)Jl Re w(z^) 

+ 21^bc (a+bfbc) Re w^(z^). 

=3 l?b^c^ + {Mb(a+bfbc) + Me + k(a+b)}^ + ll?( a;f bi-bo 

- 2E{Mb(art-bi-bc) + Me + l^Ca-fb)} { a-fbi-2bc }M]Re w(z^) 
-f 21^bc(sn-btbo) Re w^(z^). 
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aiid 

(2.47) i = c^+ (a + Id + 2b3)^ + b^(a + b + bo)^ 

- 2(a + b + 2 bc) {c+b(a+b + bo) } He w(a^) 

2 

+ 2 bc (a + b + be) He w (z^) 

From (2.46) and (2.47) we have 

( 2 . 48 ) 1 n(Zq)|^ - M^|D(zq) 1 ^ = a - 2 B He w(Zq) ^ C He w^(Zq) 
where 

A = J/^b^c^ + I. 1 ^b^(a + b + bo)^ + + k^(a + b)^ + 21 /?bc(a+b+bc) 

+ 2Mck ( a + b) +(a + b + bo) 2Mbk(a + b) + S?(a + b + bo)^ 

- - Iif!^(a + b + 2bc)^ - l/?b^(a + b + bo)^ 

= k(a + b) [k(a + b) + 2Mc + 2 Mb (a + b + bo )3 

B = {lb(a + b + bo) + Mo + k(a + b) }M(a + b + 2 bc) 

- (a + b + 2bo) { 0 + b(a + b + bo) > 

=s Mk(a + b) (a + b + 2 bo) 

and 

C » 2li!?bc(a + b + ob) - 21 '!^bc(a + b + bo) 

= 0 . 

Sinoe 0=0 it is easy to see from (2.48) that 

(2.49) lN(z„)|^ i+2B>0. 

' How 
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A — 2B = k(a + b) [k(a +l3) + 2M{o+a'b+‘b^ + TD^c-a-TD - Ztc }] 

= k(a + b) [k(a + b) + 2M {c(l-b) - bc(l-b) - a(l-b) 

- b(l-b)}] 

= k(a + b) [k(a + b) + 21l(l-b) (o- be - a - b)] 

0 , provided o 2l j • 

and 

A + 2B = k(a + b) {k(a + b) + 2M {c + ab + b^ + b^ c + a + b + 2bo} ] 

= k(a + b) [k(a + b) + 2M(l + b) {c(l + b) + (a + b)}] 

1 0 . 

Thus vre see that (2.49) holds. (2.49) alongwith (2.45) gives 


^0 

+ m 

f(s) 

Bat this is contradiction to the fbet -that f e r(in, M) . Hence M(r,w) ^ 1 
for every r < 1 . Since M(0,w) = 0 and M(r, w) 5/ 1 we have M(r,w) < 1 
and hence |w(z)| < 1 for j zj < 1 . This alongwith (2.42) gives 
F e r(m, M) . This completes the proof of the theorem. 

Corollary 2.3.2 . I£ f ^ I(m, M) and F(z) is defined by (2.4O) then 
F E I(ni, M) . Provided c max { 

Proof . '‘fie can write (2 .40) as 

z F*(z) = " / t . t f*(t) dt. 



Since f e \{m, M) we have z f'(2 ) e ^(m, M) and hence from theorem 
2.3.3 g®’^ ^ F’(z) e I(^» ^) • P(z) E J(m, M) . 
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Remark 3 . If we take m = M and m -»■ » then results of Bajpai [2] 
follow f3?om theorem 2. 3*3 and Corollaiy 2.3.2. 

(Theorem 2.3 »4 . let f e r*(a) and g e r(m,M) and pCz) be defined by 

(2.50) f(t) g(t) dt, 0(^1 

z o 

then Be I *( ct) * )ro vid ed ^ 

(m,M) e m » 4 (^+ 1 ' ^ '^ » “ 1 + 2('c+V^a7 ^ * 

Proof : It can be easily seen that 

1- g 


IM i (“- 1 ) + 2(<M.i-s) 


only if 


4c+3(l-a) 

^ L 4 c+T -a) * 


so it is sufficient to prove that B e r*(a) provided 

M + 2(Jsrrij • 

Prom ( 2 . 50 ) we have 

S”(z) + (c + 1 ) z® P(z) c z°'*’^ f(z) g(z) 


or 


U-51) 

let us choose a regular function w(z) such that 


( 2 . 52 ) 


zP'(z) 1 + 20-1 ) w z) 


^(z) 


1 + w(z) 


It is clear from (2.52) that w(o) = 0. Prom (2.51 ) and (2.52) we have 

(2.53) 1 

c t {c + 2 ( 1 - 0 ) } w(zl 
*“ 1 + w z) 


j# 
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Differentiatiiig ( 2 . 53 ) logaa:itbmically with respect to z and using 
( 2 . 52 ) Tze have 


( 2 . 54 ) 


z f’ 





^ {^+_ 2_(l-oi)} z w*(z) _ z w* z) 

c + {c + 2(^- ot)}w z) 1 + 'w(z 



1 + (2a-l) w(z) 

1 + W 


^ 2 (l-«) z w'(z) 

(1 + ■w(z)){c + (c + 2 - 2 z)} 

Jack's lemiaa 2.2.1 for |z| ^r there is a point z^ such that 
Zo^’C^q) = k ^ "* * "^^is lemma in (2 . 54 ) we have 

z f'(z ) ^ n.\fr. \ 1 +( 20 - 1 ) w(z„) 

° 2-= (m- 1) - (^ + 

g(^o) ’ * ”^'0^ 

2(1 -a) k w(z ) 


(1 + w(z^)) {c + (o + 2- 2a) w(z^)} 

Now suppose it wore possihlo to have M(r, w) = max lw(z)| = 1 

I zl =r 

for some r < 1. At the point w(s) where this occured we would have 
j w( z)| = 1 . Then we have 


Re 


o o / ^ \ 


z g'(zQ) ^ 

iCiJ" 




- Re 


1+(2a-l) w(z^) 
1 + w(,z ) 


+ Re 


2(l-a) k w(z^) 


> -• (M- m + 1 ) *• a 


( 1 + w(z^)) {0 +(<>4-2 - 2a)w(z^)} 
2k(awa)(o + 1 -cD 
c^+2c(o+2-2a)Re w(z^)+ (o+2-2a)^ 
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>■ -. CM- 


2(l-a)(c5+1— a) “ (M-m +1) {c^+ 2c(c +2- 2ct)Ee 
+ (o + 2~ 2«)^> 

^ ' ' ' ' ' ” " ' ■“ ' ■' ' " ■ 'nil- 

c + 2c(c + 2 - 2a) Re w(z^) + (c + 2 - 2a)^ 


- «+ 


2(t-^)(c +1-a) -(M-m +1) (c + o + 2- 2 o}^ 

"' 2 * " " ' ‘ ' o 

c + 2o(c +2 - 2a) Re w(z ) +(c + 2- 2a) 


„ a-i- 2(0 +1~a) {( 1~a) - 2(M~ m +1 ) (o + 1 -a)} 
c^+ 2 c(c +2 -2a) Re w(z ) + (c +2 - 2a)^ 


Ttir ^ 2(in-l) OBED + (1 -a 

> »- a provided M < - — „ - 

— ^ — 2 0 + 1-a 

This contradicts the fact f e r*(a) hence M(r, w) ^ 1 for every 
r < < SQ M(r, w) < 1 because M(0, w) « 0. Hence lw(z)j < 1 for 
jz j < 1 . This alongwith (2.52) gives P e r*(“) • This completes the 
proof of the theorem. 

Remark > . Let us take G(z) = z f(z) g(z) then (2.50) reduces to 

z 


F(z) 


0+1 „ 
Z 0 


/ t° G(t) dt. 


Baopai £2] has proved that P e r*(o) if G(z) e r*(o) . If we 
take f(z) and g(z) such that 


z f>(z) 


1~z 

1+z 


and 


z £, 




- 1 + 


2(c + 1} 


then f(z) c r*(0) and g(z) e r(m, M) for m = 1 


and M 


2 c+T) 



34 


But 


* (z) 

G(zj 


1 z 
1 + 2 


2rc +'"i 


+ 1 


2(c +1) - (2o + 5)z - 
2(c +1 z 

/ 4c^ + 20c + 17 - (2c + 5) 

If we take z real and Between 2 ^ 

then it is easily seen that Re ^ ^ ^ hence G(z) ^ r*(o). 

But hy theorem 2.3.4 "''re have P e 



CHAPTER 3 


A SUBORDINATION TO A CERTAIN CLiSS OE ANALYTIC FUNCTIONS 

5.'! It is well known that convex fanotions are starlike with 

resnect to origin. In 1933 Marx [ 3 ?] and E, Strohacker [ 6 I] 
■proved that if f(z) e K (O) then f(z) e 3-^(3) where 3 This 

result is ^arp as it can he seen from 'the function z/(l~z). In 
1971 , I.S. Jack [22] generalized this result and proved the following. 

Theorem C [Jack] If f(z) e K(a) then f(z) c S*(Ktt)) where 


(5.0 


e(a) > -•'|-4a+.''o 


function 


(5.2) 


This hound for 3 (a) is not sharp. In maiy cases the 


A(z) = 


1 - ( 1 - z) 


2a -1 


2 a -1 

- log(l-z) 


if 0 1. ot 1. 1 h 


if a « t 

is extremal for the class of convex functions and for th.is function 


( 5 . 5 ) ^ ^ 


0 - - if a/ i 


J 

log 4 


if a= i" 


So Jack conoectured that 
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(34) 


B (a) > 


1-2cO 

4'- “(1-^®“ -■') 
1 

log 4 


±t a ^ ^ 
if a « i 


Recently T. H. llacGregor [56] has settled thi-S conjecture. 
MacGregor's proof is very nice and independent of any classical result. 
MacGregor's result is as folio-wing f 

Theorem D MacGregor] f is convex of order a i.e. fEK(a) 

then ^ ^(2) where 


(1-2)' 


2a-1 )z 




i£ 


^'r 


1 

S' 


(5.5) J(z) = 


z 

(l-z)lc^ (l-z) 


i£ -| 


In this chapter we have pro-ved similar result for the 
classes S(m, M) and K(m, M) defined in Chapter 2. In proving 
our results wc folloT/ procedures developed by IlacGrogor. Actually 
our results contains the conjecture of Jack l22] . 

^,2Jq neeii "the following lemmas for -the proof of our theorem. 

Lemma 5.2,1 s- Suppose that 'Bie functions T and S are analytic in 
t(o) = 0 « S(o) and S maps L onto a (possibly many sheeted ) region 
which is starlike with respect to the orig:^. ^ 

( 5 . 6 ) Ke { ) > « for U I <1 


then 
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(5=7) 

^ iff} ^ ^ ^ 

for 

\z\ < 1 

and if 




(5.8) 


for 

|z i < 1 

then 

(3.9) 


for 

|zl < 1 


The fixst half of the lemma can he fouid. in [30] ani f or 6 = 0 
in [6] while completely it is in 06 ] . 

Lemma 5 . 2.2 If we define G(z) as following 

( 3 . 10 ) a{z) . V- 

(1 -Dz)-^’=-1 

then G(z) is univalent . 

Proof ; If we write 

- £ 

(3.11) 


then, hy logaxithnic differentiation we get 


(3.12) 




F(z) 


(1- ha) - 1 


/ aH-h \ 

az(l- ha)** ^ “b 
- a/b 

(1- ha) - 1 


=3 
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From (3.10) and (3*12) ve hav^ 


( 3 . 15 ) 



Let us rewrite G-(z) in the folloting fom. 


( 3 . 14 ) 


G(z) 


az 

a-flp 

(l~ Tdz) (1 - Tdz) b 



1 + 


/ a+lD\ 

/ ^ 'b ^ 

ilr . . -_i 

bz 



1 + G^(z) 


where 


( 3 * 15 ) G^(z) = 


(^) 

( 1 -hz) ^ - 1 

Tdz 


Rewriting G^(z) in teirms of 


, ^ „ f \ a + h 

GgCz) = G^(z) + 

z C-^J - 1 

. / (1 - (1 - M) 

o 


}dt . 


^ ^^±.Jsl / G rt) 

hz 13 


dt 


(3-16) 
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where 

a+h 

(5.17) G (2) = “bz) ^ 

j a 

Differentiating G^(z) and then differmtiating logarith - 
mically and taking real part of "both sides, we have 


(5.1^) 


z G"(z) 

Re{ 1 + -2 } = 

g|(z) 


Re { 


1 - az 
1 - bz ^ 


2 

s 1 ~ Re(a + 'b)z + ab |z| 
h - hzi^ 

> 1 - (s- + t)) [z I + ab I 

jl - bz|2 

h - hz|^ 

Since G^(0) = 0 and G^(0) si so G^(z) is univalent 
and convex. Using thearem 1.2.1 we observe that G2(z) is 
convex univalent (of 'course not normalized). This in turn implies 
that G(z) is univalent. As a remark we point out here that 
uni valence of G2(^) hence of G(z) can also be established 

in tte following way. As in (5. 18), we find that 


1 + 


z G^(z) 
G^Cz) 



if a > b 


(5.19) 


if a < b 
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This implies that 


(5.20) G (z) e K( ^ "^ ) 

^ 1-h^ 1 - 


Then hy theorem 2.5.1 it follows that 


(5.21) 


G/.) . K( ) 

^ 1 - h 1 - h 


•where 


( 5 . 22 ) 


04.(2) = 7 / 
o 


Since G„(z) = , therefore 02(2) is -univalent 

2h 

and hence G(z) is univalent. But (5.2l) is stronger conclusion than 

(5.IR). 

Lemma ' ,2 .5 ; If l(z) is defined hy (3.II) ^ ® 5.^ 


a 


(5.25) 


1 - ( 1+hr) li 

ar 2; 83? 


Proof ; Let z = r e^^ and 1 - hz « Re'^ . Then 


(5.24) He{ 




a 

h 


R ° r oos( r e) - r cose 


a r 


P(r»e) 
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2 2 

where R = (l- 2h r cose + h r and tan 4) 
Therefore 


hr sin 9 
1 - hr cos 6 * 


( 5 . 25 ) 


and 


( 5 . 26 ) 


dR hr sine 
de “ R 


d(j) _ hr(br - cose) 
de = 


Since (1 - hz) = Re^*^ and Re(l - hz) >0 so ([) = 0 if 0 « 0 or e » 
Prom (5.24), we have 


9P(r,9) 

(5.27) 96 


a+2h 

~ h 

- R .hr sinO cos( r iji+e) 

h ' h ^ 

a 

“F . / a. ,'ar(hr ~ cose) ^ 

- a sin( 1-6) •( — ^ 2 ^+1)+ sine 

R 

_____ 

a r 


- Q'+2h _ a 

■ar R ^ cos( ^ <J>+6) - R ^sin( +0) » 

1) + sine 
R'^ 


a 


-(^) 


de 


cos(^4+e) - R ^ sin( ^(}, +6) 


/ a dO . 

( >: TS + 0 + sine 


h de 


a r 
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( 5 . 28 ) 


a^P(r.e) 

3 02 


0 bO 


/• a+2b \ f a+2TD\ 

b > 

- ax( 1 - br) - ( 1 - br) ( 1 -ar-br) +1 


a r 


1 - (l-tcc) 


a+2b 

^ 2 
{ ar + (l~a3? - br) } 

a r 


ar 


Differentiating G^(r) we get 

^ a+2b ^ 

(3,29) G^(r) =-(1- br) ^ { a + 2(1- ar - br)(-a- b) } 

- ^ 5 b 

- .(1- br) ^ b{ar + (1- ar - br)^} 

= -a(a+b)r(l- be) ^ {1 + (a + b)r} 


If a > 0 then G^Cr) <0 and hence G (r) is a decreasing function 

* ‘2 

of r so G. (r) :1G,(0) = 0 . In this case ^ ^ 

11 a 


< 0 . 


Similarly, if a < 0 then G^(r) > 0 and hence G^(r) is an increasing 


function of r, so G^(r) ^ G^( 0 ) = 0 . In this case 
This implies that Pe { } 4 s maxLinum if 6 = Oo 


0=0 
s 

r 

3 ' 
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0=0“ 


< 0 . 


Now 


(5.30) 3 P(r_0i 




- arl 


{ 1+br) 


/ a+2b \ 
b ^ 


+ .Cl±hr) 

ar 


/a+2*b\ 




0=Tr 
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ar 


G2(^) 

~ ax 

Differentiating G 2 (r) with respect to r we have 

^ 8Hr2lD ^ 

(5*31 ) “ ■" ^ {2(a+'b)(l+ar + hr)- a } 

+(a + 2h)(l+hr) ^ {(l+aiM- hr)^ - ar } 

= - a(ari-h)r (l+hr) {1 - (a+h)r } 


D'ow two cases arise 


Case 1 . a + h < 1 . In this case {1 - (afh)r } > 0, so ® 

if a >0 and G 2 (r) >0 if a x 0. If a > 0, G^Cr) is a decreasing 

function of r so G^Cr) £ G^CO) = 0 and hence > o. 

3 0 6 =^ 

If a <0, Go(r) is an increasing function of r so G_(r) > Gp(o) = 0 


2 


and hence 


^ > 0. This implies that Re ic 


minimum if 0 = ir. 


•1 

Case 2 . a + h > 1 . In this case 0 < < 1 and a and h are 

positive. So we have ^ 2 ^^^ ~ max. { GgCo), G^Cl) } 


Row , 
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£1+21) 


02^'') = Q(a,l3) = 1 - (i+-b) ^ {(■l+a+t)^ - a} 


9Q( 8>y b) 
3a 


a+2TD 


= (l+b) 


a+2‘b 


<(l+b) '■ [ Mpl . (1,2b)] 

a+2lD 

= iiiM [ ln(l+T 3 ) - TD(l+2b) ] 


a+2TD 


= (1+^) 


• H(l3) 


H'(T3) = -(1+41 d)< 0. 

Therefore H(h) is a decreasing flinction of h so H(‘b) <_ H(0) « 0. 
Hence < o, so Q(a,-b) is a decreasing function of a so 

Q,(a,‘b)_< = 0. Again since ^2^®) = ^ therefore 0-2^^) 1. ^ 

hence > 0 and hence the minimum of Re C } is 

302 

' 6 “ ir 

attained if 0= ir . This completes the proof of the lemma. 

Lemma 3.2.4 . If H(z) = t* and Gr(z) he defined hy 

(5.10) then 

(5.52) B^(z) = k H(z) + (1-k) G(z) 

is univalent in D for k > 1 . 
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Proof s We 'begin "by slewing 


( 5 . 55 ) 


Re { } < i for z e R . 

H(2) 


We see that 


^ a-r21) ^ _a 

( 3 . 54 ) <!'{-) - 

{(l-tz) - 1 } 


and 


( 5 . 55 ) 


h'( 2) 


a + b 
(l - bz)^ 


Prom (5.54) and ( 3 * 55 ) 


(5.56) 


Q (z) __ J 

H' ( z) a+b * s(z) 


where 

(5.57) ”^(2^) = a(l-bz)“^'^^ {1 + az - (I- bz) 


and 

( 5 - 58 ) 

with 


(5.59) 


S(z) « S^(z) 


- a/b 

S^(z) = (l— bz) — 1 . 
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It is easy to see that S^(z) c K(m, M) and hence belongs to S(m, M) 
so S(z) is twovalent and satisfies the condition 


( 540 ) 



< 21 . 


Now we compute T'(z)/S'(z) as following % 


( 541 ) 


a+b 

T* ( _ a(l-bz) { 1 ~(l-b 2 ) ^ }+ a {1-f az - (l-bz) 

S'(z) “ HTb 

2 {(l-bz) - 1 } 


a[ (a-b)z ~ 2 { (l-bz) - 1 }1 
2 {(l-bz)”®'/^ - 1 } 


&( a-b)z 

2 {( l - bz )"^/^-1 } 



where F(z) is given by ( 3 .II). 

How by using the result (3 ‘24) lemma 2.2.3, we get 


/ \ -D a»»b s, 

C3.42) He > -j- • -a/i 

From lemma/ 5*2#1 (5»42) 


- a if a < Td • 


a 


(543) 2 • ^ -( 1 +b)'*®'^'^ 


if a < Td 4 


cr*f 93 
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S*rom (5.36) and (3 43 ) we have 


G'(z 


(5.44) 


1-(l+h) 




arfb 


a-h) 


2{e^h) { 1- (l.+b)'^} 


To prove ( 3 - 33 ) it is sufficient to pro-ve that 


a a(a~b) 

2(a+b) {1 - (1+b)-^/^} " 


or 

(345) 


a. a - b) ^ 

2 { 1 - (l+b)“ ” 


Since we are considering the case b and we know that (at-b) > 0 , 

so b is always positive and a may be positive and negative both. If 
a ^ 0, {1 - (l+b)"’^'^^} ^ 0 and ifa< 0 then {l - (l+b) < 0 

therefore (345) is equivalent to 

(346) a^- ab + 2b - 2b(l+b)“®'/^ >0 if 0 <a < b 

and 

(3.47) a^ - ab + 2b - 2b(l+b)"®''^^ <0 ifa<banda<0. 

Let ns write 

(3.4R) A(a,b) = a^ - ab + 2 b - 2b(l+b) 

Differentiating A(a,b) with respect to a, we have. 
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9Ata,b) 

3^ = 2 a - b + 2 {l+b)“^/° l04'Cl+b) 

= I ft - (l+b)-^/’> Icg^d+t) } 

3a 

^ ^ {b - log^{l+'b)} if a > 0 

^ |u(b) 

Also we have 

( 3 . 51 ) U'(b) = 1 ^ 

(l+b) - 2 log (l+b) 

1+b 


(3.49) 
and 

(5.50) 


- IM 

1+b 


arid 

(3.52) = 1- lib 


Thus it follows that V(b) is a decreasing function of b and hence 
Y(b) ^ V(l) = 2 ( 1 -log 2 ) > 0. 

Thus U'(b) >0. Hence U(b) is an increasing function of b. But 

min U(b) = U(0) = 0 hence is an increasing function of a 

b 

for all fixed b. But 
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( 5 . 55 ) 


^ r 3A(a,b) 

- »■ 3 a 3a=0 


= - b + 2 log ( 1+b) 


5 T(b) 

Clearly T»(b) = >0 and so T(b) >_ l(o) = 0. 3?]nus 

3A(a,b) ^ „ ,/ \ 

3a ^ A(,a,b) is an increasing function of a. So 

A(a, b) ^ A(0, b) = 0. Thus (5 *46) is proved. 

Situation in case a "<0, a ^ b is slightly different. Since 
_-.-a.T--_ M(.a,b) 3A(a,b) 

neither nor are parely increasing or decreasing 

function, we shall determine the sign of thesecond derivative. 

From ( 5 . 50 ) we have 


( 5 . 54 ) > I (b - (1+b) lcg2(l+b)} 

9 a 

S B(b) . 

Now, 

B'(b) = “2 lcg^(l+b) ~ . 2 log(l+b) 
b ° 

= - ^ log(l+b) {2b - log(l-i-b) } 
b 

= - %■ log(l+b) U.(b) . 

b 

Also U*(b) = 2- ■:“ = "I- >0. This implies that U.j(b) is 
an increasing function of b so '0'.|(b) ^U^(o) = 0. Hence B'(b) < 0, 
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Thus B(b) - 2(l-2 log 2) ^0. Therefore the second derivative 

of A(a,b) is positive. Now a+b >0 and ve are considering a <b, 
a < 0 so 0 > a > -b and A(o,b) = 0 = A(-b, b) . Hence, by Roll's 
theorem, it follows that A(a,b) is positive in -b < a <0. This 
completes the proof of the fact 

G»(z) 

Rc { } <1 in D , 

H'(z) 

Now WG show that is univalent. Clearly H(z) = 1+ (a+b)N(z) 
and N(z) is convex, gives H is convex in D. Since H is convex and 
( 5 . 57 ) is satisfied in the case a ^b, it follows from the argunent of 
Pommerenke f 5 I 3 

GCzp) - G(zJ 

( 5 . 55 ) ^ — } < •] for z . , 3p e I) 

H(z2)-H(z^) ^ 

Lot us asfsunE ^( 2 ) is not univalent. Then, we must have for 
H^(z^) = for some z^ and z^ in D, This ii:ipl>s that 


(5.56) 


G(z2) - G(z^) 




But (5.56) contradicts (5.55)* Hence, H^(z) must be univalent. 
This completes the proof of the lemna. 

Lemma 3 »2 . 5 s H(z) 3^ « inP. 
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Proof s Since is univalent "by lemma 3.2 4 and H( 0 ) = 

tho subordination follows if H(d)^Hj^(d). Clearly, H maps D onto 

the circle | w-m ( <M. Also if z = , then, v/e obtain 


(5.57) 


w - in = 


ie 


*I “i" cl 6 

T- b eie 


- m 


(1 -m) + (a + bm) j 


1 - b e' 


10 


= M 


( 1 -m) + M' e^^ 
M-(m-l) e^ 


= M. 


Hence, H maps the boundary of I) onto the boundary of the circle 
Iw-mj < M. Thus, the lemma will be proved if we shoif that the points 
in boundary of satisfy 


(5.58) Iw - ml M. 

Suppose jzJ = 1 , w. = lim H(z), '^2 ~ How we 

Z-*Z^ Z-^Zg 

want to prove 

(5.59) 1 k w^ + (1- k)w2 - m| 1 M 


or 1 k(w^- m) + (I - k)(w2- m)l 1 M 

(3 59) will be satisfied if 


( 3 . 60 ) 


Ikjlw^- m| - [1- kllwg- ml >M . 


1. 1. T. i , r-FUR 

g£NTR/.L 'ISR AliY 
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Using (5.57) in (3.60), we see that (5.59) is satisfied if 
kM - 1 1-k |lw2-ni| 

Thus inequality follows if lw2- m| £ M. However, this is obviously 
true froQ theorem 1 .2.1 . Hence the lemna is proved. 

5.3 In this section we shall prove the following theorem. 

Theorem 3.3.1 : ^ K(m, M) is defined by {3.IO) then 

Proof ; We shall follow similar lines of proof as developed by 

CO 

T.H. LlacGregor [ 36 ] . If we write f(z)=z+ ^ a z^ and 
«. n=2 

P(z) = z + I ' where P(z) is defined by (5.II) and f ^ K(m, M), 

n=2 

then ^2 = a + b and is v/ell known la2l It is obvious that 

I 82 1 = A2, if and only if, 

(5.61) f(z) = ~ e {(l-b e^^ -1 ]■ j is real. 

This result is due to Z.J. Jakubowski [20] . How if g(z) = 

and G(z) is defined by (5.IO) , and further, if we write 

00 

(5.62) g(z) = 1 + I b^ z^ 

n=1 

and 

CO 

G(z) = 1 + I ^ 

Itel 


(3 65) 
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then Ih^j < is equivalent to \o^\ <A^. Since h^ = and 
follows that |b^ { < is equivalent to [a^l < . 

Also I h^ [ - B, only it gCz) = &(e' z) where n is real , As the 
function 

( 3 . 64 ) G(e^’^z) < < G(z) 

n rc8.1y ^/c coTi'binuo the cixgument by assuming | * 

If we set ^r = {z s| z| < r } (obviously Aj = D) then 
[b-jl implies that g )d for sufficiently small 

valuesof r. This subordination implies that there exists a w(z) 
such that 

( 3 * 65 ) w(s) = G~'’(g(z)) 

and w(z) is analytic for | z [ <r and satisfies w(0) == 0 and 

(3*66) lw(z)l < r 

for sufficiaxtly small values of r. 

Let P= Sup. r v;here 0 < r < 1 and w be analytic for [ z] < r 

and satisfy (5*66) for [ z | < r. We need only to show that P=: 1. On 

contrary lot us assume 0 < p <1, Then w(z) is analytic for j z | < p 
and 1 w(z) I < P for Iz | < P . We first show that w(z) is analytic 

for jz I £ P . We know that g < < G in and thus 

( 3 . 67 ) g(Ap) CZ G(Ap) 
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Since G( ip) c;! 0(1,) it follows ttat «(4p,.p) lj( 1, ) for all 
suffioionbly small vamos of e(e>o) . Therefore beoause G is 
uniwalent in 1,, equation ( 3 . 65 ) defines w as an analytic function 
on Ip^ P . Since w is analytic for | s | < p , the definition of 0 
implies that there is a number such that [ z J = p 

|w(z^)t = P . Then by Jack's lemm 2.2.1 there exists a real mmber 


k such that 


( 5 . 68 ) 


= kw(z^) for some z^ and k ^ 1 . 


Since h < <H, \7here H is defined by E(z) * ^nd 

1 "bz 


( 3 . 69 ) 




in D. Wo may to! to h(z) = H(4>(z)) where <t>(z) is analytic in D, 
l4’(z)i <1 and <!>(0) = 0. v/riting in terms of g, we may express 

h(z) =. nf<!>(z)) in the form 


(3 70 ) 


2 (Z 



+ g(z) = H((|)(z)), 


Equation ( 3 . 65 ) implies that g(z) = G(w(z)) and g'(z) = G'(w(z)) w'(z). 

If we use those relations at z = z^ , then, we have 

1 

k ¥(z.) G'(w(z.)) 

f “T ft A \ * * . rtl / \\ tt / 1 / \ \ 


( 5 . 71 ) 


G(w(z, 


+ g(w(z^)) = H((j)(z^)) . 


Since H(z) = ^ z ' } ®(^)» equation (3.71 ) is the same as 
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(3.72) 




where is defined in (3.36). Because of lemna 3.2.4, 

is analytic in D, jt|)(z)| < 1 and ifi(O) = 0 equation 
(5,72) innlies that 


(3.73) 


I^(w(zp)) = 


and since is univalent in D and w(z^) and ^PCz^ are equal. In 
particular it follows that l'l'(z^)| = |w(z^)l ap = | z^j , Equality 
in Schwarz’s leoma is possible only if 4 >(z) = z e^^ , 6 leal. Thus 
we have 


IIj^(ti;)= k H(ip) + (1-k) G(tJ.) 


k H(z + (l-k) G(z e'^"') 


i6 - 


Also 

H(e^^z) a 


. i5 

1 + a z e 

;; i6 

1 - h z e 


= 1 + (a+h) 


z e 


16 


+ 


and 

* JC 

G(e^^ 2 ) = 1 + (h-1 ) z e 
hence it follows that 


X ^ 

= 1 + { k(a+b) + (l-k) (b-l)J z e + 



2 

Now, if <J»(z) =CjZ + C2Z + . then hy comparing coefficients 
in ’f' = (h( 0)) we obtain 

(a+b)o^= {(b-l) + (l-a)k3 
This equation gives 

k = (a^b)oie~^^ + (l-b') 

1 + a 

But 1, therefore, we mst have 

-i5 

0 ^ 1 . 

But for bounded function $(z) we know |o^|£1. Hence 
I c^j = 1 or c = 

Hence h(z) = H(c z) . This yields for all real S, [bj “ • 

This is a contradiction. Hence, we must have P = 1. This proves 
the theorem. 

If f(z) is in K(m, M) then from theorem 5*5-1 wo have 
f(®)CII G(D) hence we get following results as corollaries. 

Corollary 5.5.1 : ^ f(z) belongs to K(m, M) and b _>a then 


3*/ "b 

(l+br) {(l+br) -1 } 



a 

(l-br) {1- (l-br)^ 
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- If f(z),Mo£gs_to. K(m, M)jM a Jto 

f(z) 'belongs to s(n’ , M' ) where 


(i-b){i-(i-h) 0+b){(i+h)^/^ - 1} ^ 


and 


H' = 


h 




(l+b){(l-!bf/^- 1} 



CHAPTER - 4 


CN RADIUS OP STARLIKiNESS OP SOME CLASSES OP lUICTICHS. 


^ chapter we shall prove weak coaverse of theorems 
2 . 3.1 and theorem 2-3.3 and converse of theorem 2.3.2. La the proof 
of a theoran of this chapter we need the following lemma . 


Lemma 4.t .1. ^g(z) e K(a) then 

(20 -1 )r 2 


(4.1) I lB(a,r) = 


A. 

_(l-r) log (1-r) 


f a = 


froof : We have stated a result of T.H. Mac Gregor in chapter 5 as 

theorem D which gives that << 1 ( 2 ) where j(z) is given by ( 3 . 5 ). 

Hence 

( 4 . 2 ) |- ||y i llj( 2 )I lB(a,r). 

if. 2. La this section we prove the following theorems. 

Theoran 4.2.1 . Let P e S(m,M) and f(z) ^ defined by ( 2 . 18) and 
r(a,b) be the unique positive root of the equation 


( 4 . 3 ) (a4-2b+d)-2(ad+bd+b+d)r -{2(b^-d^) + (a+d) + 2b(l-d^) 

- d(ad+b^)} r^ - 2d {(ath) + b(b+d) r^} 

, 2v 4 

- d(ad + 2bd + b ) r =0 
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f(z) is starlike of order |z| < r^, where is the 

smallest positive root of the equation 

( 4 . 4 ) (l~&) - {&(b-d) + a+b-2d} r + d(a+b3) r^ = 0 

^r(a,b), otherv/ise r^ is the smallest positive root of the 
equation 


( 4 . 5 ) (E - 1+bd) - (l+bd)x 


+ /(l-d) {(l-d) + (l+d)x} {(l+2a+4b-b^)+(l+b^)x}= 0 

where 


X 


1 + r 


E = -e(b+d) + 2d - (a+b) and d = . 

c+1 


iThis result is sharp . 


Rroof : Since E e S(m,M) there exists a regular function w(z) with 

w(0) = 0, jw(z)| < 1 and 


(4.6) 


zE*(z) _ 1 + a w(z) 
p( z ) 1 - b w( z) 


Prom ( 2 . 18) we have 


P*(z) + c z^ ^ P(z) = (c+1 ) z' f(z) 


c-l 


or 


(c+1)^-c 


(4.7) 
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Prom ( 4 . 6 ) and (4.7) we get 


(4.8) 



1 - bw( z 



Differentiating ( 4 . 8 ) logarithaicaliy with respect to z and using 


( 4 . 6 ), we get, 


z£Hz) _ 1 + aw z ) (b-i4)zwUz) 

^( 2 ) 1 - bw zj (l-bw(z)j (l4dw(z)} 


or 


zf *(z) 
'f(z) 


6 = -3 + 


1 + aw(z 
1 ~ bw(z 


(l“bw 



iwl. z ) 

1+dw(z)) 


b+d)(zw‘(z) - w(z)) 
l'-bw(z)) (1 + dw(z;) 


or 


( 4 . 9 ) 


Re { 


zf '{z 
f(z) 


- 3 } > ~6+ Re { 


l+aw^z' 

1“bw(z) 


} 


+ (b+d) Re { 


w(z 

1-bw(z))(i+dw(z)) 


} 


(b+d)(r^-l w(z) 1^) 

(l-r^)| 1-bw(z)| |l+dw(z)l 


Here we have used the well known inequality 
due. to Sin^ and Goel [59]. 


(zw*(z) - w(z)|_< 


■-|w(z) 
1 - 
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If we take 




it is ea^ to see that 


(4.11) 

where 

(4.12) 


(4.13) 


!p(z) - a 1 £B 

A ■ 1 + 

-1 v2 2 

1 - b r 

T, _ (b-^d)r 
" “ 2 2 * 
1-b r 


Substituting value of w(z) from (4. IO) in (4.9) we get 


(4.14) [E-d H8 {j^)+ (a+2b) Re{p(a)} 


If we toko p(z) 
(4.14) we get 


« |bp(z) + d|^ - {p(z) - 1 1^ 1 
(l-r^) I p(z) 1 

= A + u + iv, lp(z)j = R and use (4. 12) and (4 . 13) in 


(4.15) fie -6} > -i- [E - 


+ (a+2b)(A+u) 


t>2 2 2 . , 2 2 

B -u 

1 - r 

= rrr * 5 (u»t). 


Differentiating p(u,v) partially with respect to v we get 

(4.16) [MAal ^ {2 ^ - u' ~ ( ^ ~ )l . 

^ E Jj3 fi ^ _ ^2 
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If <3. quantily in the square bracket is positive. If d < 0 we 

see that 


1 - , d(A+u) ^ ^ . d(l + br)'’ 

m ^ I '' r\ ■ 


1-r 


B (l-dr) 

^ (^+d) - 2d(l-b)r + d(b^+d)r^ 
(1-dr)^ 

(l+d) {1 + r^} - 2d(l-b)r 

(l-dr)^ 


> 0 


and therefore the quantity in the square bracket in (4.16) is positive. 


So 


> 0 if V > 0 and < 0 if v < 0 therefore 


dr 


9 V 


(4.17) 


min p(u,v) 

Y 


= E(u.,0) 

= E - -I + (a+2b)E 
K 

= b(r), 


3"-(B~A)"(1 -bV ) 

® 1-r^ 


where E » A + u. How 


N /I - bVx , 1 “ b V 


P*(E) = (a.2b) - (^^) (r^-^) ^ 

R 1-r 


1-r 


and 




2 2 


p"(r) 


R-' E 


t-r 


2 (l~d)(l+dr ) 

3 ^ 2 

E 1-r 


> 0 . 



64 


where x 



Iiet us take 


(4.20) Q(r) = (a-b)^ - 


= (■ 


1 - dr sa 
1 + br^ 


(l-d)(l4dr^) 

P 2 

(a+2b+1 )-(a+2b+b )r 


o o o 2 \ 2 

(a+2b+d)-2(ad+bd+b+d)r-{2(b -d )+(a+d)+2b(l-d )-d(ad+b ))r 

+ 2d{(a+b )-rt)(b+d)) ~ d(ad4-2bd+b^)r^ _ 

( 1+br {(a+2b+1 )-(a+2b-rt)^)r^} 


t( \ b+d 2(l~d){(a+b)(H4)+(l+b)(b+d)> r 

1+br {(a+2b+l)-(a+2b+b^)r^>^ 


£ 0 . 

Therefore Q(r) is a decreasing function of r and q(o) = [a+bi+Cl+bl 

and Q(i ) = ” £0. Therefore Q(r) has unique root in (0,l). 

(l+b)(l-b^) 

Let it be r(a,b). Hence if r £ r(a,b), Q(r) £ 0 i.e. A-B £ and if 
r > r(a,b) Q(r) ±0 i.e. A-B £R^. So from (4.19) and (4.20) the result 

follows. 

The equality in (4*4) is attained for the function 

atb 

f(z) = z(l-bz) ^ 
and that in (4.5) for the function 

__ a+b 

P(z) = z(l - 2fc bz + bV) 
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where k is given by 

1 + k(a-b)r - br^ _ ^ (l-d)(l+d r^ jl/2 

1 - 2kbr + (a+2b+1 )-(a+2b+b^ )r^ 

If we put a=2a-i,b = 1 and c = 1 in this theorem the result 
of P.l. Bajpai and P, Sin^ [4] follows and if we put a = 23-1,b =1 

the result of S.K. Bajpai and R.S.I. Srivastava [3] follows. 


Theorem 4.2.2 . If f(z) is regular in D and satisfy (2.55) where 
P e S*(6) and g c S(m,M) then f(z) is univalent and starlike of order 0 
in j 2 ) < r^ where r^ the smallest positive root of the equation 


(4.21 ) (l-B)(c+2)-{(cs+2)(a+2b-b0)+2(l-6)(2“6)}r+{2b(l-3)(2-6) 

- (l-3)(c+26)-2(c+1+0)(a+b)} r^“(c+2B)(a+be)r^ = 0 


This result is sharp . 


Proof t 
(4.22) 


Prom ( 2 . 33 ) we have 


Since P e S*(B ) there exists a regular fUncticn w(z) with w(o) = 0, 
|w(z) i <1 and 


(4.23) 


zP’ zj _ 1 + ( 23 - 1 ) w z) ^ 
P z) 1+w(z) 


Prom ( 4 . 22 ) and (4.23) we get 



1 + 


0+23 

0+2 

1 + w z) 


w(z) 


( 4 . 24 ) 
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(4 * 24 ) logarithmicaUly with 2?6speot to z and using 

(4.23) we get 


2?’ ?^ = 1 - 2g’'z) , .1+(2B-l)w(z) ^ c +26 zwUz) zw«(z) 

fl 2 » g(z 1 +w(z) c +2 ’ C+2B ( \ ” 1 +w(z) 

1+ _ . n ^\z} 


zf *(z ) 

fU 


- B) = 1+(1-B) I 


1-w(z) 

1 +w(z; 


2 

c+2 


zw*(z) 


{l+w(z) }{l+ 


C+2B 

c+2 


wl 


(z)} 



or 


(4.25) Ee - B} ^ 1 +(l-B) [inKilC j 


zw’(z) 


h+wCz)!' 


c+2 


{1+w(z)}{1+ 


c +26 

c+2 


w* 


(z)} 


-I] 


Z_g'(z) 
g zj 


1 j 2 

Using the well known inequality jw*(z)l ■ [40 page 168 ] in 

( 4 . 25 ) we get 


1-r 


( 4 . 26 ) -■' + 


(1-6)(1-Iw(z)j2) 


1 + w(z) 

r i cH-2 

C + 2 B _ N I *■ ' 1 +w(z) 


ll+w(z)j h + w(z)| 


.2r ^ I zg.'(z )_| 

2s g(z) 


(c+ 2 )(l-r ) 


It is eeissy to see that 
( 4 . 27 ) H 
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and since g e S(m,M) we have 

(4.28) ^ j-i® 

g(z) 1 - br 


Prom (4.26), (4-27) and (4.28) we have 


1 

c+2 


(4.29) He - B ) > 1-Q(r) + — Cl - - , 6)( l-Uz) P) ( 

|l«{e)lh +■^'^(‘2)1 


c+2 
2t 


-] 


= 1-Q(r) + 


(c+2)(l-r^)' 

(l-B)(l-ke)h(1 


C+2 


|l+w(z:)l |l +“^w(z)| (l-r^) 


Prom (4.29) it follows that Re - 6 } > 0 

(l-B)(l-lw(z) h {1~ r - r^ > 


if 


1~Q(r) 1- 


c+2 


ll+w(z)l h + -^^ w(z) I (l-r^) 


i.e. if 


/. 2(2-6) C+2B 2, 

(1-B) (1 - r - -3- r } 

(4.30) 1 -Q(r) > ; 2±|^ 

(1+r) 


provided r < r(B) where r( B) is the positive root of the equation 


1 


2(2- B) 

c+2 


r 


C+2B 2 
c+2 ^ 


= 0 . 


Let us take 
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(I-B) (1 . } 

(4.31) P(r)»1-Q(r)+ o+a’"' 


(1«) (1 1 ^ r) 


Since P(o) = 1 - q(o) + (l-B) 


and 


= (i-a) > 0 


P(r(6)) = 1 - Q(r(e)) 


= 1 - 


1 + ar(e) 


1 - br(6) 


1-br(B) ° ’ 

therefore smallest positive root of the equation p(r) = 0 is less thsL 
r(8). But 


(l-3)(c+2)-{(c+2)(a+2b-b$)+2(l-e)(2-&)} iS-{2b(l-S)(2-5) 

2 f , ,3 


_ ~(l->3)(c+2S)~2(o+1+8)(a-fb)>r -(c+23)(a-f-b3)r' 
(l+r)(l-br)(c+2+(c-^2 3)r) 


So P(r) > 0 if r < r^ <r(3). This completes the proof of the theorem. 
Equality in (4.21 ) is attained for the functions 

and 

g(z) = a-ih 

(l+bz) ^ 

Prom theorem 4.2.2 we obtain theorem 2 of Calys [ll] as a corollary 
by taking a = b = 1jc = 0, &=0. 
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Gorollaiy 4»2.1 . If f(z) is regular in I) and satisfies (2.33) where 
p e S*(B) and g e S then fCz) is uniTalent and starlike of order $ jn 
jz j < i’q where r^ is the smallest positive root of the equation . 


(l-3)(c+2)-{(c+2)(3-6)+2(l-3)(2-e)}r+{2(l-8)(2-a)-(l-e)(c+2e) 

- 4(c+1+B)} r^ - (l + 3)(c+2S) r^ = 0 . 

The resul t is sharh* 

Proof ; If g e S then we know that [19] 



< 1 + 3 ^ 

” 1-r * 


We can get this bound from the bound of g e S(m,M) by taking a = b = 1 • 
So if we substitute a = b « 1 in theorem 4.2.2 we get the result in 
this corollary. 


Theorem_4.2.''. If f(z) is regular in P aod satisfies (2.33) where 
p e s*( 3) and g e K( a), then f(z) starllke of order 6 for | zj < r^j 
where r^^ is the smallest positive root of the equation 


(4.32) (c+2)(2-B)+2{(c+&i-l)-(l-B)(2-3)>r + B(c+2B) r^ - (l+r) {(c+2) 

+ (c+2B)r } B(a,r) - 0 


where 



(2a-1 )r 




aj^ 


1 . 

2 


b 1-r) log (1-r) 



(4.33) B(a,r) = 
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Etiis result is 


• Siace g e K(a) from lemma 4.1.1 we ha'j 


(4.34) 



< B(oi,r) 


where B(ot,r) is given in (4.33). Proceeding on the same lines 
theoran 4.2«2aJ3.d using (4.34) we get 


as in 


(4.35) 


> 0 


(4.36) 


Ci-e) 

1 - B(o,r) > 2^--- S±2 


(l+r)(l + r) 


( 4 . 37 ) 1 - B(a,r(B)) < 0 


where r( B) is the positive root of the equation 

. 2(2-p) r . ^ - 0 

’ 0+2 0+2 

From ( 4 . 35 ) and (4.36) we get (4.32). So we get the result if (4.37) 

holds, dto prove (4.37) it is sufficient to prove that g.£.b B(«»r)2Ll 

0 < r <1 


B(a,r) 


-(2o-,)r- 


((l-r)'-=“ - 1} 
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- (20-1) r> i^lk ■■ 

a >^ , then 1 > o, therefore 

> 0 if (l~r3^"^“ - 1 - X2a-1) r(l-r)^“^“ 

i.e. if h(r) h 1 ~ - (2a-l)r > 0. 

h'(r) = ( 20 - 1 ) f(i-x)"2(l-“) 1 ] > 0 

hence h(r) is an increasing function of r. [therefore 

h(r) ^ lain h(r) = h(o) = 0, 

0_<r '•fl 

Case 2 : ^ ^ *2 (l—r)^ i < O4 therefore, 

II > 0 if h(r) = 1 - (l-r)^““'' - (20-1 )r < 0. 

But 

h'(r) = (20-1 ) ((l-r)"^^^"“^ - 1] < 0 
hence h(r) is a decreasing function of r therefore 


1 


Case 1 . 


But 


h(r) < max. h(r) = h(o) = 0, 

0 <r <1 

Hence >0 for every a e (0,l) and o 

dr 2 

B(a,r) is an increasing function of r. Hence g.£.b. 

^ 0 < r < 1 

B(a,o) =1. In case a = ~ , 


[therefore 
B(a,r) = 


it is obvious. 
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Hence (4.3?) holds. This coiqDletes the proof of the theorem. 
The Insult is sharp as it can be seen from the functions 


and 


g(z) 


^(z) 




,X 

2 a -1 ’ “^2 

_ log (l+z) , a = ^ . 


In this theoraa if we put a = B = 0 and c = 0 we get the 


theorem 1 of Calys [11 ] as a corollaiy. 


Theorem 4.2.4 . f(z) ^ regular in D and satis:^ (2.33) where 

P e S*(3) and g(z)/z e P(a) then f(z) is univalent and starlike of 
order B in | z | < r^ where r^ is the smallest positive root of the 
equation 


(4.38) (c+2)(l-B)-2{(c+2)(l-aB)+(l-B)(2-B)} r - 2 {c(3-4a-&i-aB) + 

+ (3+2B-8af6aB-£p-2aS^)}r^ +2{(c+2 6)(2o-o!B~1 ) - (2a-1 ) x ' 
x(l-s)(2-B)}r^ - (2a-l)(l-B)(c+2B) / = 0 


The result is sharp . 

Proof . Since eP(o), therefore from a result of libera [29] 


v/e have 

(4.39) 


Ee { 


2g'(z > . 1_- 2(2a--l )r + (2a-ll 

g z) ^ - 1-r)(l-(2a-l)r) 


2 

r 
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Proceeding on the same lines as in theorem 4.2.2 we get 


(4.40) Re } 5.0 

if 


(4.41) 


and 


1 - 


J::L2C2a-1 )r^( 2a~1 )r ^ ^ 

(l-r)(l- 2a-llrJ 


(l+r) {1 + 


c+2 
c+26 
c+2 


> 0 


r} 


(4.42) P(r(8)) . 1 - (fr7> < 0 

(1 - A8))(l“(2a-l)r(6) 

Prom (4 .40) and (4.41 ) we get (4.38). So proof will be complete if 
we prove (4.42). Row from (4.42) we have 


P(r(6)) 


2 1-a) r(6j _ 

(l"r(s)) {1-(2a-1 )r( 


< 0 . 


The result is sharp as can be seen from the following functions 


P(z) 


z 


(1-z) 


2(1-3) 


and 


/ \ z {1 + (2ct-l)z} 
g(z) = - 


In this theorem if we take c=o=s3 = 0we get the result 


(theorem 3) of Oalys [11 ] 
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ITfaoorem 4«2.3 : Let Fe r(m,M) and f(z) be defined by (2.40) and 
r(a,b) ^ the unique positive root of the equation 

(4.43) (a+d )+2{ d(a+b )~(d-b ) } r+{ 2(b^-d^ )~(a+d)i d(ad+b^ ) } i'^ ■ 

~ 2d {(a+b )+b(d— b ) } - d(ad+b^) r' — 0 

and d £ 0 then f(z) meromorphic starllke of order 3 f£r \z\ < r^, 
where r^ ia the smallest positive root of the equation 

(4.44) (1-3) + {(a+b+2d) - (b+d)e} r + (ab+bd+d^-bd&)r^ = 0 
if 0 < r^ j< r(a,b), and that of the equation 

(4.45) (B-1+bd)-(l+bd)x + /(l+d){(l+d)+(l*-<i)x} {(l-2a+b^)+(l-b^)x> 

if r(a,b) £ r^ where 

, E= (a-b) - (d-b)B aad d 
1-r 

The result is shan? * 

Proof ; Erom (2.40) we have 

Since P e r(m,M) there exists a regular function w(z) with w(0}«0, 
IwCz) I < 1 and 



(4.47) 


z^Hz) _ _ 1 + aw(z) 
n^) “ 1 - bw(z 


Prom (4.46) and (4.47) we have 

(4-48) Iffj 


. &H=b+bc / \ 
w(z; 


1 - bw(z} 


1 - dw z)_ 

1 - bw zj * 


Differentiating (4.48) logarithmicaliy with respect to z and using 
( 4 . 47 ), we get, 


rf_‘(z) _ 1+aw(z dz_w’ z) ^ ^w* ^ 

f (2 ~ 1-bw(z 1-dw(z) 1 -bw(z 


or 


(4.49) 


zf 'Xz 
'■f(z) 


+ g = g 


1+aw(z) ___ a+b w(z) 

1-bw(z) c * (l-dw(^)(l~bw( 2 )) 


a+b z wUz)”w(z) 

c * ( 1 -dw( z j ) ( 1 -b w( z ) ) 


Using the well Imown inequality l 2 w^(z)-w(z)' ’t'® S®"*! 

1~r 

(4.50) -He » t - 6 +Ee + 


a+b w(z) (r^~{w(z)l_^) 

c * ■l-dw(z))(l-bw(z)) ” c ‘ 
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Erom (4.50) and (4.51 ), we get, 

(4.52) -Re [E-a Re {p(z)} + d Re - 

- - h-t)(2)P i 

(l-r^) lp(z)i 

Prom ( 4 . 51 ) it is easjy to see that 


(4.53) 


|p(z) - aI < B 


where 


(4*54 ) 


A = 


1-bd r 

2 2 
1-b r 


and 


( 4 . 55 ) 


B 


(d-b r 

^ ^2 2 
1-b r 


If we take p(z) = A + u + iv, j p(z) \ => E and use (4.53)> (4.54) 
and ( 4 . 55 ) we can rewrite (4.52) as 


(4.56) -Re +6} > — tE - a(A+u) 


a+b 


_2 2 2 .,22 
B -u -T , (iir )J 


R 


E 


1 -r 
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Differentiating P(u,t) partial]y with respect to v we have 
. /n , 3^-uW, /l-bV . 1 

3 v R ^ + ^2 + ^ } C— 5 “) 1 • 

R R 1-/ 

If we take d <0 then > 0 if v > o and < 0 if v < 0 

hence 


min P(u,v) = P(u,0) 

V 

= E- a R +1 
= PCR) 


- (A~R)^ 
R 


( 1“b^r 

'' 2 

-r 


where R = A + u. Now 


R E 1-r 

and 

P''(r) = •— (d + 

R 1 -r 

_ 2 (l-Hi)(l-dr^) 

R^(l-r^) 


> 0 . 


iCherefore P*(e) is an increasing function of R and p(Rq^ = 0 vdiejre 


(4.57) 


R 


r__(_1+<i)-(l”<ir^ - -]l/2 , 

(l-a) + (a-b^)r^ 


Since pf(A-B) £0 and P’(e) is an increasing function of R so A-B 1 .Rq* 
So 
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(4.58) nin P(r) = 
R 


’p(a+b) 




if A+B < R 
— 0 


if A+B > H . 

0 


•e _ a(^) + 

M+br^ '^1+dr'^ 


if A+B < E 


,.2 1-bdr ^ ^ ^ 

( ^ R ^2 — o 

(1-r ) o 1-r 


.( cl-b )[ ( 1- S + {a+b+2d~(b+d )3 }r+( a b+bd-Hi^-bdB )r^l . ~ ^ ^ 

(Ubr lmczikj ' -ifA+B<R^ 


(E-1+bd)-(l+bd-)x+ /(l+d){(l+<i)+(l-d)z}{(l-2a+b^)+(l-b )x}if A+B ^ E^. 


where x = 


1+r 

1-r= 


Let US tnlco 


(4.59) Q(r) = (a+b)^ - Eq 


/ 1+dr \2 
M+br'^ 


[• (l+d) (l-dr^'> 1 
(l-a)+(a-b^)r^ 


Q^(r) 


-[(a+d)+2{d(a+b)-(d-b)}r+{2(b^-d^)-(a+d)+d(ad+b^)> 

3 2 4 * 

- 2d{(a+b)+b(d-b)> r __d(ad+b r l . 

(l+br)^ C(l-a) + (a-b^) r^} 

2(l+dr)(d-b) ^ 2(l+d)(a+b) {(l~a) + c(l-b)} r 
(l+br)^ {(l-a) + (a-b^)r^>^ 


> 0 . 



79 


Q(0) = < 0 


1-a 

, ilitsliiL > 0 . 

(l+b)^(l-b) 

Since Q(r) is on increasing function of r and q(o) < 0 and q(i ) >■ 0 
so there is only one root of the equation Q(r) = 0. Let this root 
be r(a,b).So if r <_r(a,b), (a+B) and if r > r(a,b), A+B > R^. 

Therefore result follows from (4.58) and (4.59). Equality 


in ( 4 . 44 ) is attained for the function 


a+b 

b 


and that in (4.45) for the function 


P(z) = 


a+b 

[(l-bz)''^^1+bz)'’"^] 


where k is determined from 


/ \ -u 2 (l+d)(l-dr ) /2 

1 -.k(a +h) 2 s + ah z _ r_ ^ 

o 6 “ " I , . , ,2\ 2* 


2 2 
1 - b z 


(l-a)+(a-b )r 



CHAPTER - 5 


A GEN EElAIiIZATIQN OP EDUCTION WITH BODNDED BODHPABY EOTATICN 


5*1 Work of this chapter is motivated by investigations carried out 
by authors like E.J. Moulis [38] , E.J. leach [27] and others. The 
class of functions of bounded boundaiy rotation was introduced 
by K. lowner [33] and most of the nice results in this direction 
are due to V. Paatero [44,45] , 0. lehto [28] , f.E. Kinsan [25] , 

M.S. Robertson [56] , D.A. Brannan [9] , B. Pinchuk [49 ] , J.W. 

Noonan [41,42] , D.A. Brannan, J.G. Olunie and W.E. Kiraan [10] , 

and laarcr other mathematicians, - • In the present. ''chapte^' • ’ ’ 
our aim is to generalize the classes investigated by Moulis [38] • 
However the study of these generalized classes is quite difficult. 

In fact none of the classical methods yield powerful results. !Ehis 
has been seen even in the less generalized classes due to Leach [27] . 
We study the following class : 

Definition : T^(k,p) denotes the class of functions satisfying the 

conditions : 

(i) f(z) is analytic in D. 

(ii) f(0) = 0, f‘(0) = 1 and f(z)/ f* 

(iii) f*(z) / 0 in D. 

and 

(iv) 

(5.1) / |Ee' {e^ [1 + 

0 
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where 


re 


iS 


0 < 1, k ^2 and |(x| < 1 / 2 . 


Functions in the class V^(k,p) with ct}^ 0, do not necessarily 
have bounded bound aiy rotation still they have many properties similar 
to those of the functions with bounded boundary rotation, luaetions 

iti Vj2,p) satisfy 


(5.2) 


/ jRe {e^“ [1 + de = 2ir cos o 


and an argument based on the continuity of the integrand in (5.2) 
shows that we must have 


Rg {e 


io 



rz{zF’(z) )*•>•. 


> 0, z e D 


which mcians zf*(z) is ot-spirallike in D. 


b.2 In thic section we state some results as lemmas which we shall 
use in proving our results in following sections. 

Lemma $.2.1. Lets(z)eS*. fhen ^ \z\ < r, |arg 1.2 ^ 

^ ^ ^ result is sharp* 

Proof of this result can be found in [18] • 


Lemma 3*2*2 : 

for lz| £ r, 

(5.3) 


Let S(z) be p -fold symmetric starli^ function. 


{arg{ 



2 

< — 


arc sin 
P 




and this result is gfaa^. 
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• Let us define s(z) such that S(z) = [s(z^)]''/P. On 
log 8 .ntihiBic diff 6 r 8 n 1 ;i 8 ,*tion with rsspsct to z this givss 



zP , 

s(z^) 


Since S(z) is p-fold eynmetric starlike function, s(z) e S*(o). Now 
by lemma 5 . 2.1 we get 


|arg { — H i = |arg {- 


iOs s(rPeP^®) 


re 


rP eP"® 


,1/P I 


< 2 arc sin 
~ P 


It can be easily seen that this result is sharp because equality holds 
for the function 


S(z) 



Lemma 5 . 2.5 : 


Let q(z) = 1 



b 


n 


n 

z 


be regular in D. 


Ihen 


( 5 . 4 ) 



cos a 
2‘n’ 


2 t ! 

/ 


o 


l±-£^dtj)(e) + i sin 
1 ze 


a 


whore ^( 4 *) is Q* function of bounded varie-tion on [Oy 2 iT 3 sa>tisiQring 


2tt 

f = 2 ir 

0 


and 


2n 

/ jdiK'!')! = ILa 

0 r 1 


2 ir „ i ia / L® 1 
r Re {e q(re } 

J GOS CL 
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lis define s(z) such that S(z) = [s(z^)]"''^P. On 
logarithmic differentiation with respect to z this gives 


zS ’ ( z ) p 


s '(z^) 
s(z^) 


Since S(z) is p-fold symmetric starlike function, s(z) e S*(o). Now 
by lemma 5.2.1 we get 


larg { 


S_(3re 

ie 


ie 


}| = jarg {■ 


s(rPeP^®) 


re 


2 arc sin r^ 


}i/P| 


It can be easily seen that this result is sharp because equality holds 
for the function 


S(z) 


(1 -z^ ) 


Pn2 


lemma 5.2.3 


Let q(z) = 1 + b^ z be_ regular ^ 1 


n 


n 


Ihen 


(5.4) 


io . . 
e q(zj 


cos g 
air 


2ir 

/ 


o 


1 + ze 
1 - ze 


i(j) 

I? 


drp(®) + i sin a 


where rf*(4*) i® ^ function of bounded variation ^on [Of2Tr3 4sQring 


2it 

f drj)(4») = 2ir 
0 


and 


2ir 27r 

/ N((!))| = lim / 

o r 1 o 


Re (e^° q(re^^)} 
cos a 


d9. 
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Proof of this lemma is due to Moulis [58,page 17] 

* Ijst g(z) = ^ ^ ^ suppose that 

1 2'n- 

f ’(z) = exp / log (l-ze"*^*’’) dp «))} 

0 


then for n > 2 


(5-5) ‘n = HiiiT X ^ '‘i " 


2it 


Proof of this result is due to lehto [28] . 


5.3 2h this section we prove some representation theorems for the 
class Vgj(l!:,p). 


Theorem 5.5.1. f e V^(k»p) if and only if there exists a function 
g e V(i:,l) such that 

(5.6) t'(z) = - 


Proof t Let g(z) ® V (k,l). Since g‘(z) 0 in D, f(z) = / [g’Ct^)] 

“ o 

is single valued and analytic in L. Since [f*(z)]^ = g’(z^) we have 



{Cherefore, 


1/p 
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Proof of this lemm is due to Moulis [38,page 17] 

00 

= lslg(z) = e 7^ and suppose that 


2:t 


f'Cz) = exp / log (i-.ze~^'*’) ly 


then for n > 2 


(5.5) 


b « 
n n 


. n -1 ^ 2tt , v.^ 


Proof of this result is due to lehto [28] . 


5.3 lu this seotion we prove some representation theorems for the 
class Vg(l5:,p). 

gfaeorem 5.3.1. f e V'^(^»p) if oi3.1y if there exists a function 
S s ^^»l) such that 

(5.6) f'(a) = . 

z 

Proof : Iiet g(z) e V (k,i). Since g‘(z) 0 in D, f(z) = / [g*(t^)] 

o 

is single valued and analytic in D. Since [f*(z)]^ = g'(z^) we have 


. +Z_SllZi=: 



2!herofore, 


1/p 
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/ |Rc {e^“ £i (19 ^ ^gia ^ £g!i£l 


g'(zr) 


]}| <i0j z=re 


ie 


2Tr 


= / |Ee e [1 + “Irjlj]}! d$i , t=:rP« 


Thus 


2Tr 


(5.7) lim / |Re e^“ [l 4- d0 

j zj 1 o ^ izj 


air 


lia 

hi ^ 


/ |Ee {e^° [1 + 


g'(t 


Since f(z) is p-fold symmetric whenever g e Vj^(k,l) therefore from (5.7) 
we have f e V (k,p) i^ and only if g e Y (h,l). This completes the 
proof of the theorem. 

Thourea 5.5.2. Iiot f e V^(l£,p). Then P(z) = / — dt e Y^(k,p). 

0 

I*ro(if : It is obvious that P is p-fold symmetric. Prom the givoa 
relation we get 


1 + 


zP»^ z) 
~P‘ z) 


zf *(z) 

fur 


Therefore 


(5.8) 


2ir 


/ 

0 


I®® “ 


z = 


ie 

re ^ 


Biemacki [8] has shown that if f(z) is analytic in D, then 

(5.9) / he l/ he 

0 0 
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Eron (5.8) and (5.9), we get, 

/ 1^'-' t"* de </ |Re {1 de 

_< kir 

and bunco P e V (k,p), 

O 

Gprolluiy 5.5.1 . s let f e V^(k,l). Iben P(z) = / Ve(k,p 

o 

3P.rpof. i Since f e V^(k,p) therefore from theorem 5.3.1 we get 

e V^(]k,p) and hence £rom theorem 5.3.2 the result follows. 

The results in nexrt three theorems can be obtained by using 
theorem 5.3.1 and the corresponding results due to Moulis [38]. But 
for the ccmpleteness we give here their proofs. 


Thoorem 5.5.3 . If f s V^(k,l) and g(z) is defined by 

1/p 

(5.10) r(z)=i ) 

^ /. - 2 iaN 
f’(a)(l+az^) 

where z e D, |aj < 1 and P(o) = 0 then P(z) c Vjj(k,p) , 

Proof : Let p be a real number in (0,l) and a be any complex number 

with ja| < 1 for f(z) in ?aO£»l) define Pp(z) by the equation 


P»(z) =C- 




1/P 


- p\1+e 


f»(pa)(l+a/) 


-2ia 


(5.11) 
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where 


•b ° , Fp(o) = 0 . 

S, 4 * B.Z 

Differentiiating logarithmically the functicm F'Cz) with respect to z, v 
get, 






HizP 


or 


1 . , pt^, . jizkfiZ 


I /■. -2ias p - -■2ia 2p 

^ |a (.1-e ) z +a - a e z 

( 1 +a z^^Ka+z^) 


or 


(5.12) 


Re {e 


ia 



(l~la|^)z^ 

(l+az^)(a+z^) 


+ He{ 


1 |2 . p i“ ia 2p 

2|a| i sinaz -^-ae ~ ae z ^ 

(l+« z^)(a+z^) 


It we set 2 = e' 


ie 


I 1 2 p -Lu — C.XJ 

(5.13) R. ^ ^ "- > 


p _ia - ^-ia _ 2 p 

(1+a z^)(a + z^) 
ia 

2 ae ~ -la p 

2jaj i sin a + — a e z 


= Be {- 


+ j a + 


2 - p 

' a z 


"> 


2 i“ -pie - ~ia pie 

2 lal i sir. a+ae e -ae.e _y 
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Thus if we have z = re^® and 


(5.14) 


pis 

d ^ ^ p±<p 

1+a 


then from (5# 12) and (5.13) we get 


Jlfl / \ 

(5.15) H. {fe“ tl + -£-^3) = He {e^“ [1 + Pi* 






rr-) 


(1 + S e^'^Xa + ef“) 
Differentiating (5.14) we have 


pifii^ 

(5.16) de = ^ ® ,1 - dc> 

1 -|a|2 


Prom (5.15) and (5.16) we have 


se {e^“ n + e^® do = Ee {e^“ [1 + 




or 


(5.17) 


2ir 

/ |le {e'^“ {l + 




]}[ d9 


0 f’(pe ) 


r i« r. i'J' f'»(pe'*''^)-,,, di> 

= / iBefe H.pe - 

= f |Ee (e^“ [1 . pe"^ ]H d* 

0 f'(pp^*) 


iTpi 


< krt cos o . 
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!Ehe integral 

(5-18) Ij,(r) = / |Re {e^“ j-| + _pi :-^]}| de 

is an increasing function of r, 0 £ r < 1 because its integrand is the 
absolute value of a hanuonic function therefore 

(5.19) Ip(r) <liia I (r) 

r 1 

Prom (5.17), (5. 18) and (5.19) we get 

(5.20) COSO. 

Prom (5.20) and the fact that P(2) is p fold symmetric we get the result. 

Theorom 5.3.4 ; f c Vo(lc,p) if and only if there exists a function i}i(0) 
of bounded variation on [0,2Tr3 such that 

2 -ia 2 ir . 

(5.21) f(2) = / exp cos_a j )di})(6)} dt 

0 0 

where ’!'( 0) is normalized by the oohdition 

(5.22) / d>K6) = Sir 

0 

and satisfies the condition 
2 ir 

/ <i’f’( 0) I £ 

0 


(5.23) 
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Ttoo£ : If stf z) e V fk.i't +w 

VqV ,i; tfaen usang a formula due to Paatero [44] 

wc get 


2 it 

(5.24) g'( 2 )=^^{-I/ log (l. 2 e“) d*(6)} 

o 

whore 4(e) satisfies the coaiitiohs ( 5 . 2 a) and (5.23). Differentiating 
§’( 2 ) logarithmioaUjr with respect to z we hare 


(5.25) 1 + 


2 «”( 2 i 


., 2ir io 
0 i-ze 


,2Tr 2ir i6 

o 0 1 -ze 


1 1 j. 

la^d 4 ( 0 ). 

o 1-ze 


If we tako q(z^) « 1 + "C'l'i ^ ^ ia lemma 5 •2*3 we get 


ft. ncN f4 , 2f’'(2), cos a 1 + e^® 

15.26} 0 f t (2 > = “i; — J ~ at!)(e) + i sin a. 

0 1 - z^ e' 


Prom (5.25) and (5.26) we get 


(1 + C^} } = cos a {l + — — ^ + i sim 


|^=:e-^“ooe a (I + + l£!!ja£^ 

fH 2 } 2 g'( 2 ^) 

-iot sP ^ g"(z^) 

=t e cos a . 

g'(t^) 
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or 


-ia 


log f(^) ., 1 -, °°° - i i log gi(^) 


or 


“ia 

^ cos a 


(5.27) f»(a) = [g‘(zP)] ^ 

Prom (5.24) and (5.2?) the result tollom, 

• ^( z) e ,p ) ^ and only If there are two p-fold 

symmetrio starldice functions S^(z) ^ 82(2) such that 

S,(z)^ S rz) ^ ^ 

(5.28) f t(z) = ^ /{- 2 LI 3 4 3 P 


3Proof : Brannan (9] has shown that . g(z) e Y^(k,i) if and only if 
there oro two starlike functions s^(z) and S 2 (z) such that 

(5.29) e'(z) = ([-V-J ^ A-^—i '* j • 

Sa Z 


Using the representation in (5.27) and the relation (5.29), we get, 


t'M = (t-h— 1 ’ /t- 


^ “i® 

^-2 e cos a 

,]♦ r p 


tt 




Z 

1/p fc+2 


-] V [• 


s (z^) ®' 


■]^ > 


If we take S.j(z) = Is^(z^)]^^^ and 82 ( 2 ) = [ 02 ( 2 ^)]^^^ then 
S^(z) and 82 ( 2 ) are obviously p-fold symmetric and starlike in D, iPhis 
completes the proof of the theorem. 
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(5.50) 


f if aiid only if 

, , *1(2) 

t'M = {[-^] /[- 2 — ] ■* ) 


ff^Cz) ^ TgCz) are nomalized p^-foid 


a-spiral functions. 


IToof : If S(z) is starlike then 

( 5 - 31 ) Tiz) = z {-^3® 

is a-spiral, since 

z3?’(z) . , .-io r'^SJ(^r.) 

-|^=1+e ocsafff^-1] 


_ ..“ia r- _ zSHz) ia 
= e {cos a . 5 ,/^/ + e - cos a] 


(5.52) 


Re {yi® z|^j ^ ^ ^ Zg! , ( . z) ^ 


Ag&ixi since 




21B/P “ 

= “ 2 „i“p J 

ze ^ 


the result follows from (5.32). 


5*4 In this section we have obtained restriction on a such that 
functions of class jJXtP) become univalent and also obtained the discs 
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in which fCz) is univalent, convex and zf'(z) is o-spiral function. 
We have also obtained soae distortion theorems. 

Theory 5,^1 : If g(s) il^Va(k,p) is univalent in the 

di£c_ }zj < r^ !*££l-o the smallest positive root of the e quation 

(5.33) 1 - k cos a . 3^”^ _ 2cos a . r^^”^ = 0 . 


Proof ; Differentiating logarithmically the function l(z) in (5.10) 
with respect to a, we have, 




(idal^ aP-'' 

Cl+aa”^)^ 


(l+a a^) 


1+G3^ 


D-1 ‘ f »{ t ) , - T).2 - 


p-l - Pn2 . ■* P 

s U+az ) 1+az^ 


Taking limit as z + 0 we have 

(5*34) p(p+l) a^^^ “ flff} (l-iaj^) - (e a 


where is the coefficient of in the expansion of P(z). ilrom 

this relation we get 


(5.35) 




k cos a 
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Here we have used the relation | < which we shall prove 

in next section as theorem 5.5.1. Since a is arbitraiy and |a| < 1 
we can replace it by sp, 

| f”(z^) _ ^ k cos g 


(5.36) - 2e cos . kUP"^ cos a 

Prom theorem 5.3.1 and the relation (5.36) if g e Vjjj(k,p) then 
(■c [ g”(z) 2e ^ c os g z z|^^^ ^^1 ^ klzP"^ cos g 

^ ™ l-lzfP Hzl^^ 

or 

(5.38) 1^1 < “ ----- ■ 

It is known that if 


(5.59) 


K-(t) 

'h|Ti7' 



Z E D 


then f{z) is univalent for some appropriate B . Robertson [58] has 
shown that $ can be takai to be 1/2 while Becker [5] has shown that B 
can be taken atloast 1. If h2(z) is k-fold ^mmetric then it is 


obvioi;o that if 
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(5.40) 




1-UI^ 


thon h^U) is uiivalttt if S = (j.jg) ^ 

g(z) is univalmt if 

2 cos o . jzp^ ^ + k cos a . IzP"^ £1. 
fhis couj lotcs the proof of the theorem. 


Corgllvnzy 5.4.1 ; ^g(z) is 3n Va(k,p) then 

IrwO 

(5-41) iog(hrhE^j p 

(1-l-P) ^ (4-hlV 


This r«i?3ult is sharp. 


Proof t li'uia ( 5 . 57 ) Wo have 


(5.42) lo"-" - 2SS2-^| . 


Erom this relation we get 




2cos lzl'"*~k cos ctlz^ _ria i8 a. , 

<000 t-cL «■ owo u |» < He {e , re . tT" log g (re )} 


i8i 


d(re^^) 


2cos a lz|^^ + k cos q Iz ^ 


1-|z| 


2p 


oos g 
p 


. ie 

where z = ro . 
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intasr-atiue this with respect tc r we get the result. The 
bounds ore sharp for aU k > 2 end o, |al < ,/2 it can be seen 
from tho function 


(5.43) 


f(s) = ] 


-1 


-xa 

e cos a 


, f(0) = 0. 


Corollf;iy 5.4.2 : IfgCz) e V„(k,p) then 


(5.44) 


, , ,p-^(k-2cos a) 

^OS d, Ti lg'(b)l l ^bP) ^ 

_ •~-«.(k+2cos a) cosjL* 


'(k-2cos a) 


(1+UP) 


(i-ibp) 


'(k+2cos a ) 


Thu result is oh-irp if a = 0. 


Proof : Prom (5.37) we have 


|ZM”(ia) ^ 2u cos tt Izl^^ i k IzP cos a 

1-|zp» 1-l^pP 

This cun bo rewrittaa as 

(5.45) . doa. .. o / , ^ I j, (^,ld )| 

2 c 06 ^a ~ k cos g.r^ 

“ 1 

1-r 

i© 

where z = re . Integrating this with respect to r we get the result. 
Prow function given in (5.45) it is easy to see that the result is sharp 
only if '< = 0. 
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Goroll -jy ^i£L''^a(^^>p) then gCz) maps 


(!j..ito) {2I <l 


J~2 2 

k COG ft + k cos a - 4cos 2a 


1/p 


outo -i co{:vvX dcuai.: . tChis result is sbaip only for 0=0. 


Proof ; BYOffi (9.45) wo have 


% # ^ (2cos ct- l)r - 

(b.47) Hw ii + 


- k cos a« r^+l 


cos 2ct . - k cos g r^+1 


1-r 


.2P 


Ruoult follows iron (5.47) and for a = 0 sharpness follows from the 
functioti fjivun in (5.45). 


Th^.oiv.a 
hi the Uoc 

(5.48) 


If g(a) bvjlongs to ?ct^^,p) then zf'(z) is.a-spijra^ 


i,i <[i=!p]Vp 


yho result is sharp . 


Proof 1 (5.42) wo get 

Rc {0 


gg”U) } > 2co8_aa 
I*(g) i—r^^ 


k cos g . 


_ 


g' 


or 


l-r 


ia f zg”(zl \\ > cos g (r - k r + 1) 


2p 


Re 
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So 

Re ^ 0 

zg'{z) 


/2 , 

r <[■ “„- I -4] 1/P . 

This result is shirp as it can be seen frem the function in (5.4-5). 

Jhuorua 5*4.3 » liLf(z) belongs to V^(k>p) then fCz) is close- > to* - conYex 
in tho disc 

(5.49) izj < (sin . 

jProof i Froia theoraa 5.3*4 we have 

k-i>2 

{S.(z)/z3 ^ 

f * ( s ) ^ 

{S2(z)/z3 ^ 

where '"uid S- arc p-fold symmetric and starlike functions. IMS can 

1 nC 

be arewritten .la j ^__2 

zf<(g) . 

|S2(z)A3 ^ 


Thuri. I'oru 
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larg = larg 


k-2 

4 


lS^(z)/z] 

[SgCzyz] ^ 


k-2 4sin'~^ 

4 * p 


Here wo have usod the result proved in lemma 5.2.2. low 


Re 


> 0 for }aj < r if and only if )arg < Vs for {zj < r. 


fhua f(s) ie cloue-to-convex (relative to the starlike function S^(z) if 


sin*"^ < v/ 2 f 
P 


aiid result follows froa this relation. 


Thuoriaa 5.4.4 8 U’ f(z) belongs to Vr,(k,p) then 


(5.50) Uf,*)l = 


k cos a, U24k cos a) r^ + 2p - 2 r ^ 

-■ ■ '/ Pn2 

2(l-r^) 

gyoof ; We can assume f(z) regular on {zj = 1 otherwise we can set 
ji let p 1 at the end of the proof. Since f’(z) ^ 0 

in D wo nqy use poiason fomaila to write 

^ , zr-U] £l! r He <e'“ (1 ^ ^ 

(5.51) f*(t) 
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aSlis completes the proof of the theorem. 

Corollax7 5.4.4 : ^^{z) belongs to V^.(k,p) t^fCz) is univalent 

in D whenever 


(5.55) 


/J-. 

0 < cos a< ‘ ‘ “ P 

— k 


Proof « Erom (5 *50 ) we have 


t .I ^ cos 0 . r / - . > n 

j{fiz)} £ ^ -3 [(2 + k cos a) r^ + 2 p ~ 2 ] 

k cos a. (l+r^) r^ r/~ , \ t 

[( 24 -k cos a) r^ + 2 p - 2 ] 

2 ( 1 -r^) 

2 k cos a( 2 p •<• k cos g) 

- 2px2 

( 1 -r 

using Uehari’s test [593 we see that f(z) is univalaat in D if 


k cos a( 2 p + k cos a) £ 1 . 


Result follows from this relation. 


5.5 In thT« section we shall determine coefficient bounds for the 
functions in class ?Q(k,p). 

00 

iPheorein 5.5.1 : = z + J ^^Y„(k,p), then 


n?=1 


(5.56) 


, I k cos a 

I Vi ' * 


OJhe bound is sharp for all k >.2 such, that, |a} < V2. 
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Proof ; Differontlatlng logarithmically the representation of functions 
^ obtained in the theorom 5.3.4, we have, 




0 i-z-* e 


(5.57) ^ = l’{z). r -f- 

2 0 l-zr e ® 


If z + 0 then from (5.57) we get 


p(p^i) Vi ° — f ° ° 

O 


p(p+^) la I IdKe)| 


< k cos a . 


Equal! ity In (5.56) attains for the function given by 


fCz) »E 


(l^zP 2 
k+2 


k-2 -ia 
-77“ e cos a 


09 . 

Jheorea 5.5.2 ; ^f(z) belon.>c to 7„(k,p) and f(z)=z+ ^ 

n=1 ^ 


then 


n (^ + m) 


l\p+ll iTnpil) i f 


2 2 

k cos a + /k QOS g - 4 cos 2a 
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Proof : IiOt 


R = £- 


■] 


1/p 


, / 2 2 
K COS Cl + V k cos a — 4cos 2ct 


be the radius of caivexiiy for the class V^j(k,p), obtained in corollaiy 
5.4.3. Then 

? a , e“P 
R np+1 


I A 

u rt 


5 Z + 7 A . Z 

n=1 


is p-fold symetric conves function in |zj < 1. It is well known that 

n-l 

R (-f + m) 

UtsO ^ 


I I ilS=W - 

'\p+1 ' ~ (np+1 ) [n * 


Iherofuro 


'°hp +1 


n (l + n) 


' ' ' 2 2 
T!i=rf) rk cos a +/k cos a - 4 cos a 

i-T^^iTTi- ‘ 2 

Thooren _5.5.., : It t(z) = z + J ^np+l ^ ^ belong to V^(k>p) bhen 


n=1 


(5.59) 
and 

(5.60) 


, 2 ^ 
k +2 p 


^^2p+1 ^ 2p2(2p+1 ) 


if k > 2p 


U I < |L2p+ 5 k+4 — ^ if 2 ^k ^2p • 

’^2p+1 — 2i^2p+1 )(4p-k+2 ) 
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3groof : % lenoa 5.2.4 we have 


Stt 


(p+l)a . 2ir 

+ Eil / g~Pi<^ 

•rr « 


dv(<>)] 


and 


1 - 2ir 

(5.6a) Vi”jrp+i -if 


Pron ( 5 . 61 ) and ( 5 . 62 ) we have 


2inr 

■ap^-l = 2p(2p+l H dp(«.))2 ] . 


We may assume without loss of generality that is real and non- 

negative since if not we consider e^^f(re^*^)=z+e^^®a 

P+1 

+ a„ + *•• where 0 is chosen such that a. is 

2p+1 2p+1 


real and naa -negative. Ihus we have 

2n 


1 lU 

( 5 . 63 ) 2p(2p+1 )a 2 p_j_.j ~7 f °°® dv(d)+'^:jp/ dv(<>)] 


2Tr 


sin P(J) du(<!>)]' 


2ir . . 2n , 

= ~ / 2 cos^ pd du(d) -2 +•;::•[“/ cos pd duCd)]"^ 
V ' P 0 


„I[1/ sin pd dv(d)3^ 


2Tr 


2v 


2 V _ . . t '■ 2 

<~ / 2 cos pd du(d) +”[■ 5 ; / cos pd du(d)] 

wiwiw ij Jr ^ 
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Let us suppose that v(e) is a step function with at nost N jumps. 
5?hen if p(0) has jumps d ir at 0. (o < 0 < 2ir) 

(5.64) I 6. =2,! |a,|<k. 

3=1 ^ 3=1 3 - 


iton (5.63), (5.64) we have 


N 


U 


(5.65) 2j-‘(2p+l) <2 I cos^ po . d + I [ J cospO.. d.f- 

■* “* ' * * 3 3 


3=1 ' ^ P 3^1 


2 . 


©lorefore v/e have to maximise the ri^t hand side of (5.65) under 
the conditions in (5.64). Iheie are two possibilities. In the first 
case |cos po^j =1 for all j (l < j at the maximum. In this case 
from (5.65) we get 

a2^^1-2p(2p*l)i2 ! dj+l[! 

j "“I j — I 


or 


1 2 

<4+~*.k -2 
- P 

_ + 2p 

P 

< + 2i 

-2p^(2p^l) * 


La the second case let [cos p 6^ j =1 not for all j . ^ 

J 

renumbering, if necessaiy, let jcos p e. ] ^ 1 for 1 < 3 where m < N. 

(Chen cos p o- , 1 < 3 < “. are interior points of the interval (-1,l). 

3 

Sinco if n 33 cxiiiui 3 . or EiiniMHa of some function is attain ei at some 
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interior joint then derintive of the function 
hence 


is zero at that point j 


J I 2 ^ ^ 2 

d cos p ^ ®3 p °°® P ^ - 2] = 0 

J “I 


n j=i 


3 3 


if 1 < n < m. 


or 


( 5 . 66 ) 


I 


4 cos p d + - { 5; cos p 0. d } d = 0 

^3=1 3 3 n 


Hence cos p is identically constant, say cos P 0^^ = cos pg for 
1 j 1 ^ n. 3?herefore, from (5.66) we have 


2 

(5.67) ~4 cos p6 = “ I cos P e . . d 

3 3 


3=1 


Substituting this in (5.65), we get, 


m 


I 


(5.68) 2p(2p+1 )a~ - 5, 2 cos pg T d . + 2 ^ d . + 4p cos pg - 2 

3=1 ^ 3=«i+n 


She conditions in (5.64) imply that 
m N 

J =2- iji 

3 »t rwa+i 


and 


H 

1 

3 =rf1 


. k 

dj <1.2- 
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Usint,- these conditions, (5.68) can be rewritten 


as 


2p(2i'+l) a, 


N 




2,^,12 003 pb(2- I d) + 2 I d, +4P00.2 

5=m+l ‘I j=Ei+l 2 


4(p+1 )ccs p0 + 2(1— cos pg) (i + '^) “ 2 
2 

_< k + cos p0 (4p + 2 - k) 


4p + 2 if k < 4p + 2 


k 


<fe „± , „2p if k > 2p . 


if k >. 4p + 2 

2p 


Let us now suppose that k < 2p. item (5.67) we haye 

2 ^ 2 ® 

- cos pa (4 + - ^ d ) = - I cos P0 a 

^ 3=1 •' ^ 3=^1 ^ ^ 


and bunco 


N 


I cos p 9 a 

|co. P8| . 1 


4 + .£ I d 

^ 3=1 ^ 

^(1 +|) 

D 2*^ 

(2+k) 

(4p+2-k) * 


Ihus if k < 2p 


2p(2p + 1) . {4p + 2 - k) 


pa - 2 
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or 


2r(2r+i ) a < ^ 


Since step fmctions axe dense in the fairdiy of ftinctions of 

2'n 

bounded variation with the nonaalization / dii( 0) = 2v and 

«_ 0 
2it 

/ |dy(6)| oar results aie valid for each function in V^(l£,p). 

o 

Equality in (5-59) is attained for the function 


ft(2) = [V** + -]P 


and that in (5.60 ) for the function 

^1-1) 




■k--i) 

\2'2 " ( i ^ ^ jI/b 


D 2^^ 

(1+21'’)^ 


where 


1 ”*1 / 24t s 
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